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VAPOR-LIQUID PHASE
EQUILIBRIA

A phase is defined as that part of a system that is uniform in physi-
cal and chemical properties, homogeneous in composition, and sepa-
rated from other coexisting phases by definite boundary surfaces. The
most important phases occurring in petroleum production are the
hydrocarbon liquid phase and the gas phase. Water is also commonly
present as an additional liquid phase. These can coexist in equilibrium
when the variables describing change in the entire system remain con-
stant with time and position. The chief variables that determine the
state of equilibrium are system temperature, system pressure, and
composition.

The conditions under which these different phases can exist are a mat-
ter of considerable practical importance in designing surface separation
facilities and developing compositional models. These types of calcula-
tions are based on the concept of equilibrium ratios.

VAPOR PRESSURE

A system that contains only one component is considered the simplest
type of hydrocarbon system. The word component refers to the number
of molecular or atomic species present in the substance. A single-
component system is composed entirely of one kind of atom or mole-
cule. We often use the word pure to describe a single-component
system. The qualitative understanding of the relationship that exists
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between temperature T, pressure p, and volume V of pure components
can provide an excellent basis for understanding the phase behavior of
complex hydrocarbon mixtures.

Consider a closed evacuated container that has been partially filled
with a pure component in the liquid state. The molecules of the liquid
are in constant motion with different velocities. When one of these mol-
ecules reaches the liquid surface, it may possess sufficient kinetic ener-
gy to overcome the attractive forces in the liquid and pass into the vapor
spaces above. As the number of molecules in the vapor phase increases,
the rate of return to the liquid phase also increases. A state of equilibri-
um is eventually reached when the number of molecules leaving and
returning is equal. The molecules in the vapor phase obviously exert a
pressure on the wall of the container and this pressure is defined as the
vapor pressure, py. As the temperature of the liquid increases, the aver-
age molecular velocity increases with a larger number of molecules pos-
sessing sufficient energy to enter the vapor phase. As a result, the vapor
pressure of a pure component in the liquid state increases with increas-
ing temperature.

A method that is particularly convenient for expressing the vapor pres-
sure of pure substances as a function of temperature is shown in Figure
15-1. The chart, known as the Cox chart, uses a logarithmic scale for the
vapor pressure and an entirely arbitrary scale for the temperature in °F.
The vapor pressure curve for any particular component, as shown in Fig-
ure 15-1, can be defined as the dividing line between the area where
vapor and liquid exists. If the system pressure exists at its vapor pressure,
two phases can coexist in equilibrium. Systems represented by points
located below that vapor pressure curve are composed only of the vapor
phase. Similarly, points above the curve represent systems that exist in
the liquid phase. These statements can be conveniently summarized by
the following expressions:

* p < py — system is entirely in the vapor phase
* p > py — system is entirely in the liquid phase
* p = py — vapor and liquid coexist in equilibrium

where p is the pressure exerted on the pure component. Note that the
above expressions are valid only if the system temperature T is below the
critical temperature T, of the substance.
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The vapor pressure chart allows a quick determination of p, of a
pure component at a specific temperature. For computer and spread-
sheet applications, however, an equation is more convenient. Lee and
Kesler (1975) proposed the following generalized vapor pressure

equation:

P, =P, exp(A + ®B)

with
A=592714- 208 7886 In(T,)+0.16934(T,)°
B=15.2518— 29873 13 47511n(T,) + 0.4357(T,)°

r

where py, = vapor pressure, psi
pc = critical pressure, psi
T, =reduced temperature (T / T,)
T = system temperature, °R
T, = critical temperature, °R
o = acentric factor

EQUILIBRIUM RATIOS

In a multicomponent system, the equilibrium ratio K; of a given com-
ponent is defined as the ratio of the mole fraction of the component in the
gas phase y; to the mole fraction of the component in the liquid phase x;.
Mathematically, the relationship is expressed as:

K, =2t (15-1)

where  K; = equilibrium ratio of component i
y; = mole fraction of component i in the gas phase
x; = mole fraction of component i in the liquid phase

At pressures below 100 psia, Raoult’s and Dalton’s laws for ideal solu-
tions provide a simplified means of predicting equilibrium ratios. Raoult’s
law states that the partial pressure p; of a component in a multicomponent
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system is the product of its mole fraction in the liquid phase x; and the
vapor pressure of the component py;, or:

Pi =X Pyi (15-2)

where pi = partial pressure of a component i, psia
pvi = vapor pressure of component i, psia
x; = mole fraction of component i in the liquid phase

Dalton’s law states that the partial pressure of a component is the product of
its mole fraction in the gas phase y; and the total pressure of the system p, or:

P;i=Y:P (15—3)

where p = total system pressure, psia.

At equilibrium and in accordance with the above stated laws, the par-
tial pressure exerted by a component in the gas phase must be equal to
the partial pressure exerted by the same component in the liquid phase.
Therefore, equating the equations describing the two laws yields:

XiPvi =¥iP

Rearranging the above relationship and introducing the concept of the
equilibrium ratio gives:

Yi P g (15-4)
Xi P
Equation 15-4 shows that for ideal solutions and regardless of the overall
composition of the hydrocarbon mixture, the equilibrium ratio is only a
function of the system pressure p and the temperature T since the vapor
pressure of a component is only a function of temperature (see Figure 15-1).
It is appropriate at this stage to introduce and define the following
nomenclatures:
z; = mole fraction of component in the entire hydrocarbon mixture
n = total number of moles of the hydrocarbon mixture, Ib-mol
np = total number of moles in the liquid phase
n, = total number of moles in the vapor (gas) phase

By definition:
n=n; +n, (15-5)



Vapor-Liquid Phase Equilibria 1031

Equation 15-5 indicates that the total number of moles in the system is
equal to the total number of moles in the liquid phase plus the total num-
ber of moles in the vapor phase. A material balance on the i’th compo-
nent results in:

zn=x;n; +yn, (15-6)
where z;n = total number of moles of component i in the system
xing, = total number of moles of component i in the liquid
phase
yin, = total number of moles of component i in the vapor
phase

Also by the definition of mole fraction, we may write:

22121 (15‘7)
Y x =1 (15-8)

Yyi=1 (15-9)

It is convenient to perform all phase-equilibria calculations on the basis
of 1 mol of the hydrocarbon mixture, i.e., n = 1. That assumption reduces
Equations 15-5 and 15-6 to:

n, +n, =1 (15-10)
X +y;n, =z (15-11)

Combining Equations 15-4 and 15-11 to eliminate y; from Equation 15-11
gives:
x,;n, + (xiKi )nV =z,

Solving for x; yields:

X, %4 (15—12)
n, +n /K,
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Equation 15-11 can also be solved for y; by combining it with Equa-
tion 15-4 to eliminate X;:

y, = Zx K. (15-13)

Combining Equation 15-12 with 15-8 and Equation 15-13 with 15-19
results in:

Zx _ZHL+H K =1 (15-14)
Zyi=Zi,nLZ+i—I:vKi=l (15-15)
Since

2 En

Therefore,

P T
=n. +n K, ““n_+nK

or

zzi(Ki—l) 0

= n_ +n K,

Replacing n with (1 —n,) yields:

f(nv)=zM=O (15-16)

~n, (K, -1)+1

The above set of equations provides the necessary phase relationships to
perform volumetric and compositional calculations on a hydrocarbon
system. These calculations are referred to as flash calculations and are
discussed next.
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FLASH CALCULATIONS

Flash calculations are an integral part of all reservoir and process engi-
neering calculations. They are required whenever it is desirable to know
the amounts (in moles) of hydrocarbon liquid and gas coexisting in a
reservoir or a vessel at a given pressure and temperature. These calcula-
tions are also performed to determine the composition of the existing
hydrocarbon phases.

Given the overall composition of a hydrocarbon system at a speci-
fied pressure and temperature, flash calculations are performed to
determine:

* Moles of the gas phase n,

* Moles of the liquid phase np.

* Composition of the liquid phase x;
* Composition of the gas phase y;

The computational steps for determining ng, ny, yj;, and x; of a hydro-
carbon mixture with a known overall composition of z; and character-
ized by a set of equilibrium ratios K; are summarized in the following
steps:

Step 1. Calculation of n,: Equation 15-16 can be solved for n, by using
the Newton—Raphson iteration techniques. In applying this itera-
tive technique:

* Assume any arbitrary value of n, between 0 and 1, e.g., n, = 0.5.
A good assumed value may be calculated from the following rela-
tionship, providing that the values of the equilibrium ratios are
accurate:

n, = A/(A-B)

where A= Z[Zi (Ki - 1)]
B= Z[zi (K, -1)/K]

* Evaluate the function f(n,) as given by Equation 15-16 using
the assumed value of n,.
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Step 2.

Step 3.

Step 4.
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e If the absolute value of the function f(ny) is smaller than a pre-
set tolerance, e.g., 101, then the assumed value of n, is the
desired solution.

* If the absolute value of f(n,) is greater than the preset toler-
ance, then a new value of n, is calculated from the following
expression:

(n,), =n,=f(n,)/t"(n,)

with

)

[n,(K;-1) +1]

where (ny), is the new value of n, to be used for the next
iteration.

* The above procedure is repeated with the new values of n,
until convergence is achieved.

Calculation of np: Calculate the number of moles of the liquid
phase from Equation 15-10, to give:

n, =1-n,
Calculation of x;: Calculate the composition of the liquid phase
by applying Equation 15-12:

Z-

b n, +n K,
Calculation of y;: Determine the composition of the gas phase
from Equation 15-13:

z,K,

y:—:x.K.
"n +n K, "'

Example 15-1

A hydrocarbon mixture with the following overall composition is
flashed in a separator at 50 psia and 100°F.
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Component zZ;
Cs 0.20
i—-Cy4 0.10
n—Cy 0.10
i—Cs 0.20
n-Cs 0.20
Ce 0.20

Assuming an ideal solution behavior, perform flash calculations.

Solution

Step 1. Determine the vapor pressure for the Cox chart (Figure 15-1) and
calculate the equilibrium ratios from Equation 15-4.

Component z; pvi at 100°F K; = pvi/50
Cs 0.20 190 3.80
i—Cy 0.10 72.2 1.444
n-Cy 0.10 51.6 1.032
i—-Cs 0.20 20.44 0.4088
n-Cs 0.20 15.57 0.3114
Cq 0.20 4.956 0.09912

Step 2. Solve Equation 15-16 for n, by using the Newton—Raphson
method, to give:

Iteration n, f(ny)
0 0.08196579 3.073 E-02
1 0.1079687 8.894 E-04
2 0.1086363 7.60 E-07
3 0.1086368 1.49 E-08
4 0.1086368 0.0

Step 3. Solve for ng :

n, =1-n

v

n;, =1-0.1086368 =0.8913631
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Step 4. Solve for x; and y; to yield:

Component z K; x; =z;/(0.8914 + 0.1086K ;) yi = xK;
Cs 0.20 3.80 0.1534 0.5829
1i—Cy 0.10 1.444 0.0954 0.1378
n—-Cy 0.10 1.032 0.0997 0.1029
i-Cs 0.20 0.4088 0.2137 0.0874
n-Cs 0.20 0.3114 0.2162 0.0673
Ce 0.20 0.09912 0.2216 0.0220

Notice that for a binary system, i.e., two-component system, flash calcu-
lations can be performed without restoring to the above iterative tech-
nique by applying the following steps:

Step 1. Solve for the composition of the liquid phase x;. From equa-
tions 15-8 and 15-9:

2xi=x1+x2:1
ZYi =y +y, =Kx; +Kpx, =1

Solving the above two expressions for the liquid compositions X
and x, gives:

1-K,
X =—
K, -K,
and
X, =1-x,

where x; = mole fraction of the first component in the liquid
phase
X, = mole fraction of the second component in the liquid
phase
K = equilibrium ratio of the first component
K, = equilibrium ratio of the second component
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Step 2. Solve for the composition of the gas phase y;. From the defini-
tion of the equilibrium ratio, calculate the composition of the gas
as follows:

Y1 =xK,

Y, =%K, =1-y,

Step 3. Solve for the number of moles of the vapor phase n,. Arrange
Equation 15-12 to solve for ny, to give:

Z— X
and
n,=1-n

where z; = mole fraction of the first component in the entire
system
x1 = mole fraction of the first component in the liquid
phase
K = equilibrium ratio of the first component
K, = equilibrium ratio of the second component

EQUILIBRIUM RATIOS FOR REAL SOLUTIONS

The equilibrium ratios, which indicate the partitioning of each compo-
nent between the liquid phase and gas phase, as calculated by Equation
15-4 in terms of vapor pressure and system pressure, proved to be inade-
quate. The basic assumptions behind Equation 15-4 are that:

* The vapor phase is an ideal gas as described by Dalton’s law
* The liquid phase is an ideal solution as described by Raoult’s law

The above combination of assumptions is unrealistic and results in inac-
curate predictions of equilibrium ratios at high pressures.



1038 Reservoir Engineering Handbook

For a real solution, the equilibrium ratios are no longer a function of
the pressure and temperature alone, but also a function of the composi-
tion of the hydrocarbon mixture. This observation can be stated mathe-
matically as:

K; =K(p,T,z,)

Numerous methods have been proposed for predicting the equilibrium
ratios of hydrocarbon mixtures. These correlations range from a simple
mathematical expression to a complicated expression containing several
composition-dependent variables. The following methods are presented:

* Wilson’s correlation

» Standing’s correlation

* Convergence pressure method
* Whitson and Torp correlation

Wilson’s Correlation

Wilson (1968) proposed a simplified thermodynamic expression for
estimating K values. The proposed expression has the following form:

K, = &exp[5.37(1+ wi)(l—%)] (15-17)
p

where p, = critical pressure of component i, psia
p = system pressure, psia
T, = critical temperature of component i, °R
T = system temperature, °R
; = acentric factor of component i

The above relationship generates reasonable values for the equilibrium
ratio when applied at low pressures.

Standing’s Correlation

Hoffmann et al. (1953), Brinkman and Sicking (1960), Kehn (1964),
and Dykstra and Mueller (1965) suggested that any pure hydrocarbon or
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nonhydrocarbon component could be uniquely characterized by combining
its boiling-point temperature, critical temperature, and critical pressure into
a characterization parameter that is defined by the following expression:

F, =b,[lT, - 1/T] (15-18)
with

| log(Pm/147)
LT -]

where F; = component characterization factor
Tpi = normal boiling point of component i, °R

(15-19)

Standing (1979) derived a set of equations that fit the equilibrium ratio
data of Katz and Hachmuth (1937) at pressures of less than 1000 psia
and temperatures below 200°F. The proposed form of the correlation is
based on an observation that plots of log(Kip) vs. F; at a given pressure
often form straight lines. The basic equation of the straight-line relation-
ship is given by:

log(Kip) =a+cF
Solving for the equilibrium ratio K; gives:
K, = Lygle+<r) (15-20)
p
where the coefficients a and c are the intercept and the slope of the line,
respectively.
From a total of six isobar plots of log(Kip) vs. F; for 18 sets of equilib-

rium ratio values, Standing correlated the coefficients a and ¢ with the
pressure, to give:

a=1.2+0.00045p +15(10"*)p’ (15-21)
¢=0.89-0.00017p—3.5(10"*)p (15-22)

Standing pointed out that the predicted values of the equilibrium ratios
of N,, CO,, H,S, and C; through Cg can be improved considerably by
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changing the correlating parameter b; and the boiling point of these
components. The author proposed the following modified values:

Component b; Thi °R
N, 470 109
CO, 652 194
H,S 1136 331
C, 300 94
(@) 1145 303
Cs 1799 416
i-Cy 2037 471
n-C, 2153 491
i-Cs 2368 542
n-Cs 2480 557
Ce* 2738 610
n-Cg 2780 616
n-Cy 3068 669
n-Cg 3335 718
n-Cy 3590 763
n-Cj 3828 805

*Lumped Hexanes-fraction.

When making flash calculations, the question of the equilibrium ratio
to use for the lumped heptanes-plus fraction always arises. One rule of
thumb proposed by Katz and Hachmuth (1937) is that the K value for
C7, can be taken as 15% of the K of C7, or:

Ke, =0.15K,

Standing (1979) offered an alternative approach for determining the K
value of the heptanes and heavier fractions. By imposing experimental
equilibrium ratio values for Cy7, on Equation 15-20, Standing calculated
the corresponding characterization factors F; for the plus fraction. The
calculated F; values were used to specify the pure normal paraffin hydro-
carbon having the K value of the C7, fraction.

Standing suggested the following computational steps for determining
the parameters b and Ty, of the heptanes-plus fraction.

Step 1. Determine, from the following relationship, the number of carbon
atoms n of the normal paraffin hydrocarbon having the K value of
the C;, fraction,

n =7.30+0.0075(T — 460) + 0.0016p (15-23)
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Step 2. Calculate the correlating parameter b and the boiling point T,
from the following expression:

b=1,013+324n —4.256n" (15-24)
T, =301+59.85n—0.971n" (15-25)

The above calculated values can then be used in Equation 15-18 to evalu-
ate F; for the heptanes-plus fraction, i.e., Fc74. It is also interesting to
note that experimental phase equilibria data suggest that the equilibrium
ratio for carbon dioxide can be closely approximated by the following
relationship:

Keo, = K¢ K,

where K¢y = equilibrium ratio of CO,
K¢, =equilibrium ratio of methane
K¢, =equilibrium ratio of ethane

Example 15-2

A hydrocarbon mixture with the following composition is flashed at
1000 psia and 150°F.

Component zZ;

CO, 0.009
N, 0.003
C 0.535
@) 0.115
Cs 0.088
i-Cy 0.023
n—-Cy 0.023
i-Cs 0.015
n-Cs 0.015
Ce 0.015
Cys 0.159

If the molecular weight and specific gravity of C;, are 150.0 and 0.78,
respectively, calculate the equilibrium ratios by using:

a. Wilson’s correlation
b. Standing’s correlation
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Solution

Step 1. Calculate the critical pressure, critical temperature, and acentric
factor of C7, by using the characterization method of Riazi and
Daubert discussed in Chapter 1. Example 1-1, page 27, gives:

T, =1139.4°R, p,=320.3psia, ®=10.5067

Step 2. Apply Equation 15-17 to give:

_ P _ T
Component P., psia T, °R ® K= 1000 exp[5.37(1 * m'{I 610]]
CO, 1,071 547.9 0.225 2.0923
N, 493 227.6 0.040 16.343
C 667.8 343.37 0.0104 7.155
C, 707.8 550.09 0.0986 1.236
Cs 616.3 666.01 0.1542 0.349
1i—Cy 529.1 734.98 0.1848 0.144
n-Cy 550.7 765.65 0.2010 0.106
i—-Cs 490.4 829.1 0.2223 0.046
n-Cs 488.6 845.7 0.2539 0.036
Cq 436.9 913.7 0.3007 0.013
Cyy 320.3 1139.4 0.5069 0.00029
b.

Step 1. Calculate coefficients a and ¢ from Equations 15-21 and 15-22 to give:
a=1.2+0.00045(1000) +15(10"*)(1000) = 1.80
¢ =0.89-0.00017(1000) - 3.5(107*)(1000)* = 0.685

Step 2. Calculate the number of carbon atoms n from Equation 15-23 to give:

n =7.3+0.0075(150) + 0.0016(1000) = 10.025

Step 3. Determine the parameter b and the boiling point Ty, for the hydro-
carbon component with n carbon atoms by using Equations 15-24
and 15-25 to yield:

b=1013+324(10.025) — 4.256(10.025)" = 3833.369
T, = 301+59.85(10.025)— 0.971(10.025)> =803.41 °R
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Step 4. Apply Equation 15-20, to give:

F K

Component b; Thi Eq. 15-18 Eq. 15-20
CO, 652 194 2.292 2.344
N, 470 109 3.541 16.811
C 300 94 2.700 4.462
C, 1145 303 1.902 1.267
Cs 1799 416 1.375 0.552
i-Cy 2037 471 0.985 0.298
n-Cy 2153 491 0.855 0.243
i—Cs 2368 542 0.487 0.136
n-Cs 2480 557 0.387 0.116
Cs 2738 610 0 0.063
Cr, 3833.369  803.41 —1.513 0.0058

Convergence Pressure Method

Early high-pressure phase-equilibria studies have revealed that when a
hydrocarbon mixture of a fixed overall composition is held at a constant
temperature as the pressure increases, the equilibrium values of all compo-
nents converge toward a common value of unity at certain pressure. This
pressure is termed the convergence pressure Py of the hydrocarbon mix-
ture. The convergence pressure is essentially used to correlate the effect of
the composition on equilibrium ratios.

The concept of the convergence pressure can be better appreciated by
examining Figure 15-2. The figure shows a schematic diagram of a typical
set of equilibrium ratios plotted versus pressure on log-log paper for a hydro-
carbon mixture held at a constant temperature. The illustration shows a ten-
dency of the equilibrium ratios to converge isothermally to a value of K; = 1
for all components at a specific pressure, i.e., convergence pressure. A differ-
ent hydrocarbon mixture may exhibit a different convergence pressure.

The Natural Gas Processors Suppliers Association (NGPSA) correlated
a considerable quantity of K-factor data as a function of temperature, pres-
sure, component identity, and convergence pressure. These correlation
charts were made available through the NGPSA’s Engineering Data Book
and are considered to be the most extensive set of published equilibrium
ratios for hydrocarbons. They include the K values for a number of conver-
gence pressures, specifically 800, 1000, 1500, 2000, 3000, 5000, and
10,000 psia. Equilibrium ratios for methane through decane and for a con-
vergence pressure of 5000 psia are given in Appendix A.
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Figure 15-2. Equilibrium ratios for a hydrocarbon system.

Several investigators observed that for hydrocarbon mixtures with
convergence pressures of 4000 psia or greater, the values of the equilib-
rium ratio are essentially the same for hydrocarbon mixtures with sys-
tem pressures of less than 1000 psia. This observation led to the con-
clusion that the overall composition of the hydrocarbon mixture has
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little effect on equilibrium ratios when the system pressure is less than
1000 psia.

The problem with using the NGPSA equilibrium ratio graphical corre-
lations is that the convergence pressure must be known before selecting
the appropriate charts. Three of the methods of determining the conver-
gence pressure are discussed next.

Hadden’s Method

Hadden (1953) developed an iterative procedure for calculating the
convergence pressure of the hydrocarbon mixture. The procedure is
based on forming a “binary system” that describes the entire hydrocarbon
mixture. One of the components in the binary system is selected as the
lightest fraction in the hydrocarbon system and the other is treated as a
“pseudo-component” that lumps all the remaining fractions. The binary
system concept uses the binary system convergence pressure chart, as
shown in Figure 15-3, to determine the py of the mixture at the specified
temperature.

The equivalent binary system concept employs the following steps for
determining the convergence pressure:

Step 1. Estimate a value for the convergence pressure.
Step 2. From the appropriate equilibrium ratio charts, read the K values
of each component present in the mixture by entering the charts

with the system pressure and temperature.

Step 3. Perform flash calculations using the calculated K values and sys-
tem composition.

Step 4. ldentify the lightest hydrocarbon component that comprises at
least 0.1 mol % in the liquid phase.

Step 5. Convert the liquid mole fraction to a weight fraction.
Step 6. Exclude the lightest hydrocarbon component, as identified in

step 4, and normalize the weight fractions of the remaining
components.
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Step 7. Calculate the weight average critical temperature and pressure of
the lumped components (pseudo-component) from the following
expressions:

*
Tpc = zwi Tci
i=2

*
ppc = zwipci
i=2

where  w;" = normalized weight fraction of component i
Ty = pseudo-critical temperature, °R
Ppc = pseudo-critical pressure, psi

Step 8. Enter Figure 15-3 with the critical properties of the pseudo-
component and trace the critical locus of the binary consisting of the
light component and the pseudo-component.

Step 9. Read the new convergence pressure (ordinate) from the point at
which the locus crosses the temperature of interest.

Step 10. If the calculated new convergence pressure is not reasonably
close to the assumed value, repeat steps 2 through 9.

Note that when the calculated new convergence pressure is between
values for which charts are provided, interpolation between charts might
be necessary. If the K values do not change rapidly with the convergence
pressure, i.e., px >> p, then the set of charts nearest to the calculated py
may be used.

Standing’s Method

Standing (1977) suggested that the convergence pressure can be
roughly correlated linearly with the molecular weight of the heptanes-
plus fraction. Whitson and Torp (1981) expressed this relationship by the
following equation:

Py =60M —4200 (15-26)

where Mc_ is the molecular weight of the heptanes-plus fraction.
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Rzasa’s Method

Rzasa, Glass, and Opfell (1952) presented a simplified graphical correla-
tion for predicting the convergence pressure of light hydrocarbon mixtures.
They used the temperature and the product of the molecular weight and spe-
cific gravity of the heptanes-plus fraction as correlating parameters. The
graphical illustration of the proposed correlation is shown in Figure 15-4.
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Figure 15-4. Rzasa's convergence pressure correlation. (Courtesy of the American
Institute of Chemical Engineers.)
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The graphical correlation is expressed mathematically by the follow-
ing equation:

Py =—2,381.8542 +46.341487[My]. +2 [T 426] (15-27)

where (M)~ =molecular weight of C7,

(Y)C7+ = specific gravity of C7,
T = temperature, °R

a; —ag = coefficients of the correlation with the following

values:

a; =6,124.3049
a, =-2,753.2538
as =415.42049

The above mathematical expression can be used for determining the con-
vergence pressure of hydrocarbon mixtures at temperatures in the range
of 50 to 300°F.

Whitson and Torp Correlation

Whitson and Torp (1981) reformulated Wilson’s equation (Equation
15-17) to yield accurate results at higher pressures. Wilson’s equation
was modified by incorporating the convergence pressure into the correla-
tion, to give:

K, = (%]A_l(%)exp[S.WA(l +o, )(1 - T?)] (15-28)

with

0.7
Px

where p = system pressure, psig
px = convergence pressure, psig
T = system temperature, °R
w; = acentric factor of component i
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Example 15-3

Rework Example 15-2 and calculate the equilibrium ratios using the
Whitson and Torp method.

Solution
Step 1. Determine the convergence pressure from Equation 15-27 to give
Py =9,473.89.

Step 2. Calculate the coefficient A:

:1_(1000

0.7
) =0.793
9474

Step 3. Calculate the equilibrium ratios from Equation 15-28 to give:

Po K, =| e " . 5.37A(1 LI
Component psia T, °R ® i (9474) 1000 e"P[ 37A(1+ 0, 810

CO, 1071 5479 0.225 29
N, 493 227.6 0.040 14.6
C 667.8 343.37 0.0104 7.6
G, 707.8 550.09 0.0968 2.1
Cs 616.3 666.01 0.1524 0.7
i—-Cy4  529.1 73498 0.1848 0.42
n-C4 550.7 765.65 0.2010 0.332
i-Cs 4904 829.1 0.2223 0.1749
n-Cs 488.6 8457 0.2539 0.150
Cs 436.9 913.7 0.3007 0.0719
Crs 320.3 1139.4 0.5069 0.683(1073)

EQUILIBRIUM RATIOS FOR THE PLUS FRACTION

The equilibrium ratios of the plus fraction often behave in a manner
different from the other components of a system. This is because the plus
fraction in itself is a mixture of components. Several techniques have
been proposed for estimating the K value of the plus fractions. Some of
these techniques are presented here.
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Campbell’s Method

Campbell (1976) proposed that the plot of the log of K; versus Tc2i for
each component is a linear relationship for any hydrocarbon system. Camp-
bell suggested that by drawing the best straight line through the points for
propane through hexane components, the resulting line can be extrapolated
to obtain the K value of the plus fraction. He pointed out that the plot of log
K; versus 1/Ty; of each heavy fraction in the mixture is also a straight-line
relationship. The line can be extrapolated to obtain the equilibrium ratio of
the plus fraction from the reciprocal of its average boiling point.

Winn’s Method

Winn (1954) proposed the following expression for determining the
equilibrium ratio of heavy fractions with a boiling point above 210°F.

Kc,
(KC2 /KC7 )b

where K. = value of the plus fraction
KC: =K value of n-heptane at system pressure, temperature,
and convergence pressure
K, =K value of ethane
b = volatility exponent

K. =

+

(15-29)

Winn correlated, graphically, the volatility component b of the heavy
fraction, with the atmosphere boiling point, as shown in Figure 15-5.

This graphical correlation can be expressed mathematically by the fol-
lowing equation:

b=a,+a,(T, —460)+a,(T - 460) +a,(T, - 460)’
+a4/(T - 460) (15-30)

where Ty = boiling point, °R
a, —a; = coefficients with the following values:

a; = 1.6744337

a, =-3.4563079 x 1073
a3 =6.1764103 x 1076
ay =2.4406839 x 10°°
as =2.9289623 x 102
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Figure 15-5. Volatility exponent. (Courtesy of the Petroleum Refiner.)

Katz’s Method

Katz et al. (1957) suggested that a factor of 0.15 times the equilibrium
ratio for the heptane component will give a reasonably close approxima-
tion to the equilibrium ratio for heptanes and heavier. This suggestion is
expressed mathematically by the following equation:

Ko =0.15K (15-31)

APPLICATIONS OF THE EQUILIBRIUM RATIO
IN RESERVOIR ENGINEERING

The vast amount of experimental and theoretical work that has been
performed on equilibrium ratio studies indicates their importance in solv-
ing phase equilibrium problems in reservoir and process engineering.
Some of their practical applications are discussed next.
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Dew-Point Pressure

The dew-point pressure pg of a hydrocarbon system is defined as the
pressure at which an infinitesimal quantity of liquid is in equilibrium with
a large quantity of gas. For a total of 1 1b-mol of a hydrocarbon mixture,
i.e., n = 1, the following conditions are applied at the dew-point pressure:

IlL=0
ny=1

Under these conditions, the composition of the vapor phase y; is equal to the
overall composition z;. Applying the above constraints to Equation 15-14
yields:

ZIZ<_ (15-32)

where z; = total composition of the system under consideration.
The solution of Equation 15-32 for the dew-point pressure pq involves a
trial-and-error process. The process is summarized in the following steps:

Step 1. Assume a trial value of pg. A good starting value can be obtained
by applying Wilson’s equation (Equation 15-17) for calculating
K to Equation 15-32 to give:

Z;
Pei Tci =1
Z pdexp[5.37(1 + mi)(l - T):l
Solving for pq yields:
s 1
initial p, = ~ (15-33)

1

Z Do exp[5.37(1 - mi)(l - TT)]

Another simplified approach for estimating the dew-point pres-
sure is to treat the hydrocarbon mixture as an ideal system with
the equilibrium ratio K; as given by Equation (15-4):
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Ki:&
p

Substituting the above expression into Equation (15-29) gives:

3[o(2))-e

Solving for pq yields:

.. 1

initial py = ————
i=1 pvi

Step 2. Using the assumed dew-point pressure, calculate the equilibrium
ratio, Kj, for each component at the system temperature.

Step 3. Compute the summation of Equation 15-33.
Step 4. If the sum is less than 1, steps 2 and 3 are repeated at a higher initial
value of pressure; conversely, if the sum is greater than 1, repeat the

calculations with a lower initial value of pq. The correct value of the
dew-point pressure is obtained when the sum is equal to 1.

Example 15-4

A natural gas reservoir at 250°F has the following composition:

Component z;
Cy 0.80
C, 0.05
C; 0.04
i-Cy 0.03
n-Cy 0.02
i-GCs 0.03
n-Cs 0.02
Ce 0.005
Cr. 0.005

If the molecular weight and specific gravity of C7; are 140 and 0.8, cal-
culate the dew-point pressure.
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Solution

Step 1. Calculate the convergence pressure of the mixture from Rzasa’s
correlation, i.e., Equation 15-27, to give:

Pk = 5000 psia

Step 2. Determine an initial value for the dew-point pressure from Equa-
tion 15-33 to give:

pa =207 psia
Step 3. Using the K-value curves in Appendix A, solve for the dew-point

pressure by applying the iterative procedure outlined previously,
and by using Equation 15-32, to give:

K; at K; at
207 K; at 222.3
Component z; psia z/K; 300 psia z/K; psia z/K;

C, 0.78 19 0.0411 13 0.06 18 0.0433
C, 0.05 6 0.0083 4.4 0.0114 5.79 0.0086
Cs 0.04 3 0.0133 2.2 0.0182 2.85 0.0140
1i—-Cy 0.03 1.8 0.0167 1.35 0.0222 1.75 0.0171
n—-Cy 0.02 1.45 0.0138 1.14 0.0175 1.4 0.0143
i—Cs 0.03 0.8 0.0375 0.64 0.0469 0.79 0.0380
n-Cs 0.02 0.72 0.0278 55 0.0364 0.69 0.029
Cq 0.005 0.35 0.0143 0.275 0.0182 0.335 0.0149
Cyy 0.02 0.255* 0.7843 0.02025%* 0.9877  0.0243* 0.8230
0.9571 1.2185 1.0022

*Equation 15-29

The dew-point pressure is therefore 222 psia at 250°F.

Bubble-Point Pressure

At the bubble point py, the hydrocarbon system is essentially liquid,
except for an infinitesimal amount of vapor. For a total of 1 Ib-mol of the
hydrocarbon mixture, the following conditions are applied at the bubble-
point pressure:

IIL=1
n,=0
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Obviously, under the above conditions, x; = z;. Applying the above con-
straints to Equation 15-15 yields:

Y (zK;)=1 (15-34)

i

Following the procedure outlined in the dew-point pressure determina-
tion, Equation 15-34 is solved for the bubble-point pressure py, by assum-
ing various pressures and determining the pressure that will produce K
values that satisfy Equation 15-34.

During the iterative process, if:

Z(ziKi) <1 — the assumed pressure is high

1

Z(ziKi) >1 — the assumed pressure is low

i

Wilson’s equation can be used to give a good starting value for the itera-
tive process:

Z[zi Ba exp[5.37(1 n o))(l - T?)ﬂ 1

Solving for the bubble-point pressure gives:

Py = 2 |:zipCi exp[5.37(1 + 0))(1 - %):H (15-35)

i

Assuming an ideal solution behavior, an initial guess for the bubble-point
pressure can also be calculated by replacing the K; in Equation 15-34
with that of Equation 15-4 to give:

2l (3]

or

Py = (zDy) (15-36)

i
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Example 15-5

A crude oil reservoir has a temperature of 200°F and a composition as
given below. Calculate the bubble-point pressure of the oil.

Component Xi

C 0.42

C 0.05

Cs 0.05

i—-Cy 0.03

n—Cy 0.02

i—Cs 0.01

n-Cs 0.01

Ce 0.01

Crs 0.40*
M), = 216.0
(V)e, = 0.8605
(Ty)e, = 977°R
Solution

Step 1. Calculate the convergence pressure of the system by using Standing’s
correlation (Equation 15-26):

py =(60)(216)—4200 =8760 psia
Step 2. Calculate the critical pressure and temperature by the Riazi and
Daubert equation (Equation 1-2), to give:

p. =230.4 psia
T.=1,279.8°R

Step 3. Calculate the acentric factor by employing the Edmister correla-
tion (Equation 1-3) to yield:

®=0.653

Step 4. Estimate the bubble-point pressure from Equation 15-35 to give:

Pb = 3,924 psia
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Step 5. Employing the iterative procedure outlined previously and using
the Whitson and Torp equilibrium ratio correlation gives:

K; at K; at K; at
3924 3950 4,329
Component Z; psia zK; psia zK; psia zK;

C 0.42 2.257 0.9479 2.242 0.9416 2.0430  0.8581
C, 0.05 1.241 0.06205  2.137 0.0619 1.1910  0.0596
Cs 0.05 0.790 0.0395 0.7903 0.0395 0.793 0.0397
i—Cy 0.03 0.5774 0.0173 0.5786 0.0174 0.5977 0.0179
n-Cy 0.02 0.521 0.0104 0.5221 0.0104 0.5445  0.0109

i-Cs 0.01 0.3884 0.0039 0.3902 0.0039 0.418 0.0042
n-Cs 0.01 0.3575 0.0036 0.3593 0.0036 0.3878  0.0039

Cs 0.01 0.2530 0.0025 0.2549 0.0025 0.2840  0.0028
Cry 0.40 0.227 0.0091 0.0232 0.00928  0.032 0.0138
3 1.09625 1.09008 1.0099

The calculated bubble-point pressure is 4330 psia.

Separator Calculations

Produced reservoir fluids are complex mixtures of different physical
characteristics. As a well stream flows from the high-temperature, high-
pressure petroleum reservoir, it experiences pressure and temperature
reductions. Gases evolve from the liquids and the well stream changes in
character. The physical separation of these phases is by far the most com-
mon of all field-processing operations and one of the most critical. The
manner in which the hydrocarbon phases are separated at the surface
influences the stock-tank oil recovery. The principal means of surface
separation of gas and oil is the conventional stage separation.

Stage separation is a process in which gaseous and liquid hydrocarbons
are flashed (separated) into vapor and liquid phases by two or more sepa-
rators. These separators are usually operated in series at consecutively
lower pressures. Each condition of pressure and temperature at which
hydrocarbon phases are flashed is called a stage of separation. Examples
of one- and two-stage separation processes are shown in Figure 15-6. Tra-
ditionally, the stock-tank is normally considered a separate stage of sepa-
ration. Mechanically, there are two types of gas-oil separation: (1) differ-
ential separation and (2) flash or equilibrium separation.
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To explain the various separation processes, it is convenient to define
the composition of a hydrocarbon mixture by three groups of components:

1. The very volatile components (“lights”), such as nitrogen, methane,
and ethane

2. The components of intermediate volatility (“intermediates”), such as
propane through hexane

3. The components of less volatility, or the “heavies,” such as heptane
and heavier components

In the differential separation, the liberated gas (which is composed
mainly of lighter components) is removed from contact with the oil as
the pressure on the oil is reduced. As pointed out by Clark (1960), when
the gas is separated in this manner, the maximum amount of heavy and
intermediate components will remain in the liquid, minimum shrinkage
of the oil will occur, and, therefore, greater stock-tank oil recovery will
occur. This is due to the fact that the gas liberated earlier at higher pres-
sures is not present at lower pressures to attract the intermediate and
heavy components and pull them into the gas phase.

In the flash (equilibrium) separation, the liberated gas remains in con-
tact with oil until its instantaneous removal at the final separation pres-
sure. A maximum proportion of intermediate and heavy components is
attracted into the gas phase by this process, and this results in a maxi-
mum oil shrinkage and, thus, a lower oil recovery.

In practice, the differential process is introduced first in field separa-
tion when gas or liquid is removed from the primary separator. In each
subsequent stage of separation, the liquid initially undergoes a flash lib-
eration followed by a differential process as actual separation occurs. As
the number of stages increases, the differential aspect of the overall sepa-
ration becomes greater.

The purpose of stage separation then is to reduce the pressure on the
produced oil in steps so that more stock-tank oil recovery will result.
Separator calculations are basically performed to determine:

* Optimum separation conditions: separator pressure and temperature
» Compositions of the separated gas and oil phases

¢ Qil formation volume factor

* Producing gas—oil ratio

* API gravity of the stock-tank oil
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Note that if the separator pressure is high, large amounts of light compo-
nents will remain in the liquid phase at the separator and be lost along with
other valuable components to the gas phase at the stock tank. On the other
hand, if the pressure is too low, large amounts of light components will be
separated from the liquid and they will attract substantial quantities of
intermediate and heavier components. An intermediate pressure, called
optimum separator pressure, should be selected to maximize the oil vol-
ume accumulation in the stock tank. This optimum pressure will also yield:

* A maximum stock-tank API gravity
* A minimum oil formation volume factor (i.e., less oil shrinkage)
* A minimum producing gas—oil ratio (gas solubility)

The concept of determining the optimum separator pressure by calcu-
lating the API gravity, B, and R is shown graphically in Figure 15-7.
The computational steps of the separator calculations are described
below in conjunction with Figure 15-8, which schematically shows a
bubble-point reservoir flowing into a surface separation unit consisting
of n stages operating at successively lower pressures.
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Figure 15-8. Schematic illustration of n separation stages.

Step 1. Calculate the volume of oil occupied by 1 Ib-mol of crude at the

reservoir pressure and temperature. This volume, denoted V,, is
calculated by recalling and applying the equation that defines the
number of moles to give:

m p,V

Ma Ma
Solving for the oil volume gives:
Ma
Po

V, = (15-37)

where m = total weight of 1 Ib-mol of crude oil, 1Ib/mol
V.= volume of 1 Ib-mol of crude oil at reservoir
conditions, ft*/mol
M, = apparent molecular weight
po = density of the reservoir oil, 1b/ft?



Step 2.

Step 3.

Step 4.

Step 5.
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Given the composition of the feed stream z; to the first separator
and the operating conditions of the separator, i.e., separator pres-
sure and temperature, calculate the equilibrium ratios of the
hydrocarbon mixture.

Assuming a total of 1 mol of the feed entering the first separator
and using the above calculated equilibrium ratios, perform flash
calculations to obtain the compositions and quantities, in moles,
of the gas and the liquid leaving the first separator. Designating
these moles as (n;); and (ny);, the actual number of moles of the
gas and the liquid leaving the first separation stage are:

[n,], =(@)(n,), =(1)(n,),
[nLl]a = (n)(nL)1 = (1)(HL)1

where  [ny;], = actual number of moles of vapor leaving the
first separator
[nr;]. = actual number of moles of liquid leaving the
first separator

Using the composition of the liquid leaving the first separator as
the feed for the second separator, i.e., z; = X;, calculate the equi-
librium ratios of the hydrocarbon mixture at the prevailing pres-
sure and temperature of the separator.

Based on 1 mol of the feed, perform flash calculations to deter-
mine the compositions and quantities of the gas and liquid leav-
ing the second separation stage. The actual number of moles of
the two phases are then calculated from:

[nvz]a = [nLl]a(nv)z = (1)(nL)1(HV)2
[nL.], =[], (n), =(M(n),(nL),

where [ny,]a, [n12]a = actual moles of gas and liquid leaving
separator 2
(ny)7, (np), = moles of gas and liquid as determined
from flash calculations
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Step 6. The previously outlined procedure is repeated for each separation
stage, including the stock-tank storage, and the calculated moles
and compositions are recorded. The total number of moles of gas
off all stages are then calculated as:

n

(nv)t = z(nva)i = (HV)l + (nL)1(nv )2 + (nL)l(nL)z (HV)3

i=1

ot (n)(ng), L (ny),

In a more compacted form, the above expression can be written:

(n,), =(n,), +i[(nv)iﬁ(m)i (15-38)

where (ny), = total moles of gas off all stages, Ib-mol/mol of
feed

number of separation stages

n

Total moles of liquid remaining in the stock tank can also be calcu-
lated as:

(nL )S[ =0y 0y,..0p,

(n.), =] ](no), (15-39)

where
(np)s = number of moles of liquid remaining in the stock tank.
(np); = moles of liquid off ith stage.

Step 7. Calculate the volume, in scf, of all the liberated solution gas from:

V, =379.4(n,), (15-40)

where V,, = total volume of the liberated solution gas scf/mol
of feed.

Step 8. Determine the volume of stock-tank oil occupied by (ng)s moles
of liquid from:
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_ <nL)st(Ma)St (15_41)

where  (V,)g = volume of stock-tank oil, ft’/mol of feed
(My)s = apparent molecular weight of the stock-tank oil
(po)st = density of the stock-tank oil, b/t

Step 9. Calculate the specific gravity and the API gravity of the stock-
tank oil by applying these expressions:

(o),

Yo 604
oAPI = 1415 1315
7,

Step 10. Calculate the total gas—oil ratio (or gas solubility Ry) :

Y, (615)3794)n,),
GOR = (Vo)st/5615 (1’1]_)5t (M)st/(po)st
~2,130.331(n,) (p. )

COR= )L M),

where GOR = gas—oil ratio, scf/STB.

t (15-42)

Step 11. Calculate the oil formation volume factor from the relationship:

Combining Equations 15-37 and 15-41 with the above expression
gives:

5 —_ Mpo),
° po (nL)St (Ma )st

where B, = oil formation volume factor, bbl/STB
M, = apparent molecular weight of the feed
(M,)s; = apparent molecular weight of the stock-tank oil
po = density of crude oil at reservoir conditions, 1b/ft?
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The separator pressure can be optimized by calculating the API gravity,
GOR, and B, in the manner outlined above at different assumed pres-
sures. The optimum pressure corresponds to a maximum in the API grav-
ity and a minimum in gas—oil ratio and oil formation volume factor.

Example 15-6

A crude oil, with the composition given below, exists at its bubble-
point pressure of 1708.7 psia and at a temperature of 131°F. The crude oil
is flashed through two-stage and stock-tank separation facilities. The
operating conditions of the three separators are:

Separator Pressure, psia Temperature, °F
| 400 72
2 350 72

Stock tank 14.7 60

The composition of the crude oil is given below:

Component zZ;

CO, 0.0008
N, 0.0164
C 0.2840
C, 0.0716
Cs 0.1048
i—Cy 0.0420
n—Cy 0.0420
i—Cs 0.0191
n-Cs 0.0191
Cs 0.0405
Cqs 0.3597

The molecular weight and specific gravity of C7, are 252 and 0.8429.
Calculate B, Rg, stock-tank density, and the API gravity of the hydrocar-
bon system.

Solution

Step 1. Calculate the apparent molecular weight of the crude oil to give
M, =113.5102.

Step 2. Calculate the density of the bubble-point crude oil by using the
Standing and Katz correlation to yield p, = 44.794 1b/ft>.
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Step 3. Flash the original composition through the first separator by gen-
erating the equilibrium ratios by using the Standing correlation
(Equation 15-20) to give:

Component zZ; Ki Xi yi

CO, 0.0008 3.509 0.0005 0.0018
N, 0.0164 39.90 0.0014 0.0552
C 0.2840 8.850 0.089 0.7877
C, 0.0716 1.349 0.0652 0.0880
C; 0.1048 0.373 0.1270 0.0474
i-Cy 0.0420 0.161 0.0548 0.0088
n—-Cy 0.0420 0.120 0.0557 0.0067
i-Cs 0.0191 0.054 0.0259 0.0014
n-Cs 0.0191 0.043 0.0261 0.0011
Ce 0.0405 0.018 0.0558 0.0010
Cy. 0.3597 0.0021 0.4986 0.0009

With ng, = 0.7209 and n, = 0.29791.

Step 4. Use the calculated liquid composition as the feed for the second
separator and flash the composition at the operating condition of
the separator.

Component Z; K; X; Yi

CO, 0.0005 3.944 0.0005 0.0018
N, 0.0014 46.18 0.0008 0.0382
Cy 0.089 10.06 0.0786 0.7877
C, 0.0652 1.499 0.0648 0.0971
Cs 0.1270 0.4082 0.1282 0.0523
i—Cy 0.0548 0.1744 0.0555 0.0097
n-Cy 0.0557 0.1291 0.0564 0.0072
i-Cs 0.0259 0.0581 0.0263 0.0015
n-Cs 0.0261 0.0456 0.0264 0.0012
Ce 0.0558 0.0194 0.0566 0.0011
Cyy 0.4986 0.00228 0.5061 0.0012

With n;, = 0.9851 and n, = 0.0149.

Step 5. Repeat the above calculation for the stock-tank stage to give:
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Component zZ; Ki Xi Yi

CO, 0.0005 81.14 0000 0.0014
N, 0.0008 1,159 0000 0.026
C 0.0784 229 0.0011 0.2455
C 0.0648 27.47 0.0069 0.1898
C; 0.1282 6.411 0.0473 0.3030
i-Cy 0.0555 2.518 0.0375 0.0945
n-Cy 0.0564 1.805 0.0450 0.0812
i-GCs 0.0263 0.7504 0.0286 0.0214
n-Cs 0.0264 0.573 0.02306 0.0175
Cs 0.0566 0.2238 0.0750 0.0168
Crs 0.5061 0.03613 0.7281 0.0263

With n;, = 0.6837 and n, = 0.3163.

Step 6. Calculate the actual number of moles of the liquid phase at the
stock-tank conditions from Equation 15-39:

(np),, =(1)(0.7209)(0.9851)(0.6837) = 0.48554

Step 7. Calculate the total number of moles of the liberated gas from the
entire surface separation system:

n, =1-(n.) =1-0.48554=0.51446

Step 8. Calculate apparent molecular weight of the stock-tank oil from
its composition to give (M,)y = 200.6.

Step 9. Calculate the density of the stock-tank oil by using the Standing
correlation to give:

(p,), =50.920
Y=50.920/62.4=0.816 60°/60°

Step 10. Calculate the API gravity of the stock-tank oil:
API=(141.5/0.816)—131.5=41.9

Step 11. Calculate the gas solubility from Equation 15-42 to give:
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_ 2130331(0.51446)(50.92) _ o oo

) 0.48554(200.6)
Step 12. Calculate B, from Equation 15-43 to give:
B = (113.5102)(50.92) 1325 bbl /STB

© 7 (44.794)(0.48554)(200.6)

To optimize the operating pressure of the separator, the above steps
should be repeated several times under different assumed pressures and
the results, in terms of API, B,, and Ry, should be expressed graphically
and used to determine the optimum pressure.

Note that at low pressures, e.g., p < 1000, equilibrium ratios are near-
ly independent of the overall composition z; or the convergence pressure
and can be considered only a function pressure and temperature. Under
this condition, i.e, p < 1000, the equilibrium ratio for any component i
can be expressed as:

KA

p

The temperature-dependent coefficient A; is a characterization parameter
of component i that accounts for the physical properties of the component.
The above expression suggests that the K; varies linearly at a constant tem-
perature with 1/p. For example, suppose that a hydrocarbon mixture exists
at 300 psi and 100°F. Assume that the mixture contains methane and we
want to estimate the equilibrium ratio of methane (or any other compo-
nents) when the mixture is flashed at 100 psi and at the same temperature of
100°F. The recommended procedure is summarized in the following steps:

Step 1. Because at low pressure the equilibrium ratio is considered inde-
pendent of the overall composition of the mixture, use the equi-
librium ratio charts of Appendix A to determine the K; value of
methane at 300 psi and 100°F:

K, =10.5

Step 2. Calculate the characterization parameter A; of methane from the
above proposed relationship:

10.5= A0
500

A, =(10.5)(300) = 3,150
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Step 3. Calculate the K; of methane at 100 psi and 100°F from:

3,150
“ 100
In many low-pressure applications of flash calculations at constant temper-
ature, it might be possible to characterize the entire hydrocarbon mixture as
a binary system, i.e., two-component system. Because methane exhibits a
linear relationship with pressure of a wide range of pressure values, one of
the components that forms the binary system should be methane. The main
advantage of such a binary system is the simplicity of performing flash cal-
culations because it does not require an iterative technique.
Reconsider Example 15-6 where flash calculations were performed on
the entire system at 400 psia and 72°F. To perform flash calculations on
the feed for the second separator at 350 psi and 72°F, follow these steps:

=315

Step 1. Select methane as one of the binary systems with the other com-
ponent defined as ethane-plus, i.e., C4, which lumps the remain-
ing components. Results of Example 15-6 show:

* K¢ =885
* y, =0.7877
* Xc, =0.089

* Yo, =1.0-0.7877=0.2123
* X, =1.0-0.089=0911

Step 2. From the definition of the equilibrium ratio, calculate the K value

Ve, 02123

o =% o =0.2330
" Xe, 09110

Step 3. Calculate the characterization parameter A; for methane and Cy,:

Ac, = K¢ p=(8.85)(400) =3,540
AC2+ = KC2+p = (0233)(400) =032

The equilibrium ratio for each of the two components (at a con-
stant temperature) can then be described by:

3,540
Ke, ==5—
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Step 4. Calculate the K; value for each component at the second separator

pressure of 350 psi:
c = 3,340 _ 10.11
‘ 0
e =22 ~0.266
* 350

Step 5. Using the flash calculations procedure as outlined previously for
a binary system, calculate the composition and number of moles
of the gas and liquid phase at 350 psi:

e Solve for xc and Xco4:
_1-K, 1.0-0.266

" K, -K, 10.11-0.266

. =1-x¢, =1.0-0.0746 = 0.9254

Xc =0.0746

XC2

* Solve for y¢ and y¢ :
Ye, =X¢, K, =(0.0746)(10.11) = 0.754
Ye, =1-Yyc, =1.0-0.754=0.246

* Solve for number of moles of the vapor and liquid phase:

L z=x _ 0089-0.0746 _ .,

" x (K, 1) 0.0746(10.11-1)
n, =1-n,=1.0-0212=0.788

The above calculations are considered meaningless without converting
moles of liquid nj into volume, which requires the calculation of the lig-
uid density at separator pressure and temperature. Notice:
— nLMa

Po

\Y%
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where M, is the apparent molecular weight of the separated liquid and is
given by (for a binary system):

M, = XCIMC] +Xc,, MC2+

Density Calculations

The calculation of crude oil density from its composition is an important
and integral part of performing flash calculations. The best known and
most widely used calculation methods are those of Standing-Katz (1942)
and Alani-Kennedy (1960). These two methods are presented below:

The Standing-Katz Method

Standing and Katz (1942) proposed a graphical correlation for deter-
mining the density of hydrocarbon liquid mixtures. The authors developed
the correlation from evaluating experimental, compositional, and density
data on 15 crude oil samples containing up to 60 mol% methane. The pro-
posed method yielded an average error of 1.2% and maximum error of 4%
for the data on these crude oils. The original correlation did not have a
procedure for handling significant amounts of nonhydrocarbons.

The authors expressed the density of hydrocarbon liquid mixtures as a
function of pressure and temperature by the following relationship:

po :psc +App _ApT

where p, = crude oil density at p and T, 1b/ft?
psc = crude oil density (with all the dissolved solution gas) at
standard conditions, i.e., 14.7 psia and 60°F, 1b/ft?
Ap, = density correction for compressibility of oils, 1b/ft3
Apr = density correction for thermal expansion of oils, 1b/ft3

Standing and Katz correlated graphically the liquid density at standard
conditions with:

* The density of the propane-plus fraction p¢
* The weight percent of methane in the entire system (m¢ )¢,
* The weight percent of ethane in the ethane-plus (m¢, ),
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This graphical correlation is shown in Figure 15-9. The following are the
specific steps in the Standing and Katz procedure of calculating the lig-
uid density at a specified pressure and temperature.

Step 1. Calculate the total weight and the weight of each component in 1
Ib-mol of the hydrocarbon mixture by applying the following

relationships:
m; =x;M;
m, = X x;M;

where m; = weight of component i in the mixture, 1b/Ib-mol
Xj = mole fraction of component i in the mixture
M; = molecular weight of component i
m, = total weight of 1 1b-mol of the mixture, 1b/Ib-mol

Step 2. Calculate the weight percent of methane in the entire system and
the weight percent of ethane in the ethane-plus from the follow-
ing expressions:

m
( Cl C1+

M m
e Ve 100=[ <, ]100

=™
m
t
M,
i=1

and

m m
(mc ) = 2 1100 = " T 100
2/Cyy m m, —m
C2+ t Cl

where  (mg ) = weight percent of methane in the entire system

m. = weight of methane in 1 Ib-mol of the

mixture, i.e., Xc, M,
(mc,) ¢, = weight percent of ethane in ethane-plus

mc = weight of ethane in 1 1b-mol of the mixture,
i.e., Xc ) MC 5

M, = molecular weight of methane

M¢, = molecular weight of ethane

Step 3. Calculate the density of the propane-plus fraction at standard
conditions by using the following equations:
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Step 4.
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zn: x;M;

Do = Meo =g,
Ciy, T ~ n
VC3+ 2 x;M;
i=C,4 poi
with
mc3+ = Z XiMi
i=C,
m.
Vo -Sve3m
3+ .
i:C3 i:C3 p()l

where pc,, = density of the propane and heavier components, Ib/ ft?
mc>3+ = weight of the propane and heavier fractions, 1b/1b-mol
V¢,, = volume of the propane-plus fraction, ft*>/1b-mol
V; = volume of component i in 1 Ib-mol of the mixture
m; = weight of component i, i.e., x;M;, Ib/Ib-mole
poi = density of component i at standard conditions, 1b/ft?

Density values for pure components are tabulated in Table 1-2 in
Chapter 1, but the density of the plus fraction must be measured.

Using Figure 15-9, enter the p ¢ value into the left ordinate of the
chart and move horizontally to the line representing (mc,) c,,; then
drop vertically to the line representing (m. )¢ . The density of the
oil at standard condition is read on the right side of the chart.
Standing (1977) expressed the graphical correlation in the follow-
ing mathematical form:

P =pe.. [l—O.OlZ(mC]) - 0.000158(m,, ); ]

1+ 1+

+0.0133(mc, ) +0.00058(m,, )

1 2+

with

2+

Pe, =Pe.. [1 ~0.01386(m,, ) —0.000082(m, )Z }

+0379(mc, ) +0.0042(m, ).

2 2+

where pc,, = density of ethane-plus fraction.
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Density of Nitrogen and Ethane Plus, Ib/ft”
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Figure 15-9. Standing and Katz density correlation. (Courtesy of the Gas Proces-
sors Suppliers Association, Engineering Data Book, 10th ed., 1987.)

Step 5. Correct the density at standard conditions to the actual pressure
by reading the additive pressure correction factor, Ap,, from Fig-
ure 15-10, or using the following expression:

Ap,=[0.000167 +(0.016181)10*** Jp— (107*)[0.209 + (263)107***** |p?
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Figure 15-10. Density correction for compressibility of crude oils. (Courtesy of the
Gas Processors Suppliers Association, Engineering Data Book, 10th ed., 1987.)

Step 6. Correct the density at 60°F and pressure to the actual temperature
by reading the thermal expansion correction term, Apr, from Fig-
ure 15-11, or from:
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Figure 15-11. Density correction for isothermal expansion of crude oils. (Courtesy
of the Gas Processors Suppliers Association, Engineering Data Book, 10th ed., 1987.)

-2.45
Ap, = (T—520)[0.0133+152.4(psc +App) ]‘

(15207 [8‘ 1107)- (0.0622)10 7P +40r )]

where T is the system temperature in °R.
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Example 15-7

A crude oil system has the following composition.

Component Xi
C 0.45
C 0.05
Cs 0.05
Cy 0.03
Cs 0.01
Ce 0.01
Crs 0.40

If the molecular weight and specific gravity of Cy, fractions are 215 and
0.87, respectively, calculate the density of the crude oil at 4000 psia and
160°F by using the Standing and Katz method.

Solution
Component X M; m; = x; M; poir Ib/ft3* Vi = mi/poi

C 0.45 16.04 7.218 — —

C, 0.05 30.07 1.5035 — —

C; 0.05 44.09 2.2045 31.64 0.0697
Cy 0.03 58.12 1.7436 35.71 0.0488
Cs 0.01 72.15 0.7215 39.08 0.0185
Ce 0.01 86.17 0.8617 41.36 0.0208
Cqy 0.40 215.0 86.00 54.288 1.586

m, = 100.253 Ve, = 17418

* From Table 1-2.
TpCL: (0.87) (62.4) = 54.288.

Step 1. Calculate the weight percent of C; in the entire system and the
weight percent of C; in the ethane-plus fraction:

(me,) :[ﬂ]woziz%
e, 71100.253

(me,) =[&]100=1616%
2Je,, 1100253 -7.218
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Step 2. Calculate the density of the propane-plus fraction:

_100.253—-7.218—-1.5035
1.7418

=52.55 Ib/ft’

pC3+

Step 3. Determine the density of the oil at standard conditions from Fig-
ure 15-9:

p.. = 47.5Ib/ft?

Step 4. Correct for the pressure by using Figure 15-10:
Ap, =1.181b/ft’

Density of the oil at 4000 psia and 60°F is then calculated by the
expression:

Ppoo =Psc TAP, =47.5+1.18= 48.681b/ft’

Step 5. From Figure 15-11, determine the thermal expansion correction
factor:

Apy =2.451b/ft?

Step 6. The required density at 4000 psia and 160°F is:
P, = 48.68 —2.45 = 46.231b/ft’

The Alani-Kennedy Method

Alani and Kennedy (1960) developed an equation to determine the
molar liquid volume V, of pure hydrocarbons over a wide range of tem-
perature and pressure. The equation was then adopted to apply to crude
oils with the heavy hydrocarbons expressed as a heptanes-plus fraction,
i.e., C7+.

The Alani—-Kennedy equation is similar in form to the Van der Waals
equation, which takes the following form:

V;—[E+b]vi+%—@:0 (15-43)
p P P
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where R = gas constant, 10.73 psia ft}/Ib-mol °R
T =temperature, °R
p = pressure, psia
V., = molecular volume, ft3/1b-mol
a, b = constants for pure substances

Alani and Kennedy considered the constants a and b to be functions of
temperature and proposed these expressions for calculating the two
parameters:

a=Ke"T
b=mT+c

where K, n, m, and c are constants for each pure component. Values of
these constants are tabulated in Table 15-1. Table 15-1 contains no con-
stants from which the values of the parameters a and b for heptanes-plus
can be calculated. Therefore, Alani and Kennedy proposed the following
equations for determining a and b of Cr,.

Table 15-1
Alani and Kennedy Coefficients
Components K n m X 104 c

C, 70° - 300°F 9,160.6413 61.893223 3.3162472 0.50874303
C; 301° - 460°F 147.47333 3,247.4533 -14.072637 1.8326659
C, 100° —249°F  46,709.573 —404.48844 5.1520981 0.52239654
C,250°-460°F  17,495.343 34.163551 2.8201736 0.62309877
C; 20,247.757 190.24420 2.1586448 0.90832519
i—-Cy 32,204.420 131.63171 3.3862284 1.1013834
n-Cy 33,016.212 146.15445 2.902157 1.1168144
i—Cs 37,046.234 299.62630 2.1954785 1.4364289
n-Cs 37,046.234 299.62630 2.1954785 1.4364289
n-Cg 52,093.006 254.56097 3.6961858 1.5929406

H,S* 13,200.00 0 17.900 0.3945

Ny* 4,300.00 2.293 4.490 0.3853

COy* 8,166.00 126.00 1.8180 0.3872

* Values for non-hydrocarbon components as proposed by Lohrenz et al. (1964).
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In(ac, )=3.8405985(107 (M), - 9.5638281(10*‘)(%)
Cor

261.80818
+—

+7.3104464(10°° (M) +10.753517

be, =0.03499274(M). —7.275403(y). +2.232395(107*)T

C7
M

- 0.016322572(
v

) +6.2256545
C7+

where Mc,, = molecular weight of C7,
Yc,, = specific gravity of C7,
ac,,, bc,, = constants of the heptanes-plus fraction
T = temperature in °R

1081

For hydrocarbon mixtures, the values of a and b of the mixture are cal-

culated using the following mixing rules:
C7+
an = zaixi
i=1

C7+

by =D bix,
i=1

where the coefficients a; and b; refer to pure hydrocarbons at existing
temperature, and X; is the mole fraction in the mixture. The values of a,
and by, are then used in Equation 15-43 to solve for the molar volume
Vi The density of the mixture at pressure and temperature of interest is

determined from the following relationship:

Po=V

m

where p, = density of the crude oil, 1b/ft?
M, = apparent molecular weight, i.e., M, = 2x; M
V. = molar volume, ft3/Ib-mol

The Alani and Kennedy method for calculating the density of liquids is

summarized in the following steps:
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Step 1. Calculate the constants a and b for each pure component from:

a — KCH/T
b=mT+c
Step 2. Determine ac,, and bc,, .

Step 3. Calculate the values of coefficients a,, and by,.

Step 4. Calculate molar volume V,, by solving Equation 15-43 for the
smallest real root:

Vi _|:E_|_bm:|\/nz1 +M_ambm =0
p P p

Step 5. Compute the apparent molecular weight, M,.

Step 6. Determine the density of the crude oil from:

M

POZVa

m

Example 15-8

A crude oil system has the composition:

Component Xi

CO, 0.0008
N, 0.0164
C 0.2840
G 0.0716
Cs 0.1048
i-Cy 0.0420
n—Cy 0.0420
i—Cs 0.0191
n—-Cs 0.0191
Cs 0.0405
Crs 0.3597

The following additional data are given:

Mc,, =252
Ye,, =0.8424
Pressure = 1708.7 psia
Temperature =591°R
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Calculate the density of the crude oil.

Solution

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Calculate the parameters ac,, and bc,,:
ac, =229269.9
be  =4.165811

Calculate the mixture parameters ap, and by,:

Gy

a, = Z“aixi
i=1

a, =99111.71
C7+

b, = Zbixi
=1

b, =2.119383

Solve Equation 15-43 for the molar volume:

Vi_[§+bm}\,ﬂ3+ﬁ_ﬁzo
p p p

Vv, =2.528417

Determine the apparent molecular weight of this mixture:
M, =2x;M,
M, =113.5102

Compute the density of the oil system:

M,

Pozvﬂl

m

1135102

Py = —— = 44.896 Ib/ft’
2.528417
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EQUATIONS OF STATE

An equation of state (EOS) is an analytical expression relating the
pressure p to the temperature T and the volume V. A proper description of
this PVT relationship for real hydrocarbon fluids is essential in determin-
ing the volumetric and phase behavior of petroleum reservoir fluids and
in predicting the performance of surface separation facilities.

The best known and the simplest example of an equation of state is the
ideal gas equation, expressed mathematically by the expression:

_RT

v (15-44)

p

where V = gas volume in cubic feet per 1 mol of gas. This PVT rela-
tionship is only used to describe the volumetric behavior of real hydro-
carbon gases at pressures close to the atmospheric pressure for which it
was experimentally derived.

The extreme limitations of the applicability of Equation 15-44 prompt-
ed numerous attempts to develop an equation of state (EOS) suitable for
describing the behavior of real fluids at extended ranges of pressures and
temperatures.

The main objective of this chapter is to review developments and
advances in the field of empirical cubic equations of state and demon-
strate their applications in petroleum engineering.

The Van der Waals Equation of State

In developing the ideal gas EOS (Equation 15-44), two assumptions
were made:

 First assumption: The volume of the gas molecules is insignificant
compared to the volume of the container and distance between the
molecules.

* Second assumption: There are no attractive or repulsive forces
between the molecules or the walls of the container.

Van der Waals (1873) attempted to eliminate these two assumptions by
developing an empirical equation of state for real gases. In his attempt
to eliminate the first assumption, van der Waals pointed out that the gas
molecules occupy a significant fraction of the volume at higher pres-
sures and proposed that the volume of the molecules, as denoted by the
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parameter b, be subtracted from the actual molar volume V in Equation
15-44, to give:
_ RT

P=V o

where the parameter b is known as the co-volume and is considered to
reflect the volume of molecules. The variable V represents the actual vol-
ume in cubic feet per 1 mol of gas.

To eliminate the second assumption, van der Waals subtracted a cor-
rective term, as denoted by a/V?, from the above equation to account for
the attractive forces between molecules. In a mathematical form, van der
Waals proposed the following expression:

RT a

= 15-45
PPV V2 ( )

where p = system pressure, psia
T =system temperature, °R
R = gas constant, 10.73 psi-ft’/1b-mol = °R
V = volume, ft*/mol

The two parameters a and b are constants characterizing the molecular
properties of the individual components. The symbol a is considered a
measure of the intermolecular attractive forces between the molecules.
Equation 15-45 shows the following important characteristics:

1. At low pressures, the volume of the gas phase is large in comparison
with the volume of the molecules. The parameter b becomes negligi-
ble in comparison with V and the attractive forces term a/V? becomes
insignificant; therefore, the van der Waals equation reduces to the
ideal gas equation (Equation 15-44).

2. At high pressure, i.e., p = oo, volume V becomes very small and
approaches the value b, which is the actual molecular volume.

The van der Waals or any other equation of state can be expressed in a
more generalized form as follows:

p= prepulsive ~ Pattractive

where the repulsive pressure term prepuisive 18 represented by the term
RT/(V —b) and the attractive pressure term pagraciive is described by a/V2.
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In determining the values of the two constants a and b for any pure
substance, van der Waals observed that the critical isotherm has a hori-
zontal slope and an inflection point at the critical point, as shown in Fig-
ure 15-12. This observation can be expressed mathematically as follows:

op 9°p
X =0, =0 15-46
[aV ]Tc,pc [av2 ch ( )

Differentiating Equation 15-45 with respect to the volume at the critical
point results in:

I:a_p:l :LTC3+2_§:() (15-47)
IV Tc.pc (Vc _b) VC
0’p 2RT.  6a

|:aV2:| ZW‘FW:O (15-48)
Tc.pc c c

Pressure ———p
P

Ve

i
!
!
\ 4

Volume ———p

Figure 15-12. An idedlized pressure-volume relationship for a pure compound.
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Solving Equations 15-47 and 15-48 simultaneously for the parameters a
and b gives:

b= (%JVC (15-49)
a= (S)RTCVC (15-50)

Equation 15-49 suggests that the volume of the molecules b is approxi-
mately 0.333 of the critical volume V¢ of the substance. Experimental
studies reveal that the co-volume b is in the range of 0.24 to 0.28 of the
critical volume and pure component.

By applying Equation 15-45 to the critical point (i.e., by setting T = T,
P =Pe and V =V,) and combining with Equations 15-49 and 15-50, we get:

peVe =(0.375)RT, (15-51)

Equation 15-51 shows that regardless of the type of substance, the van
der Waals EOS produces a universal critical gas compressibility factor Z,
of 0.375. Experimental studies show that Z. values for substances range
between 0.23 and 0.31.

Equation 15-51 can be combined with Equations 15-49 and 15-50 to
give a more convenient and traditional expression for calculating the
parameters a and b to yield:

22

a=q Rl (15-52)
P

b=Q, N (15-53)
P

where R = gas constant, 10.73 psia-ft’/Ib-mol-°R
p. = critical pressure, psia
T, = critical temperature, °R
Q, =0.421875
Q, =0.125
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Equation 15-45 can also be expressed in a cubic form in terms of the
volume V as follows:

V3 —(b+E]V2 +(3)V—(@)=0 (15-54)
p p p

Equation 15-54 is usually referred to as the van der Waals two-parameter
cubic equation of state. The term two-parameter refers to the parameters a
and b. The term cubic equation of state implies an equation that, if expand-
ed, would contain volume terms to the first, second, and third power.

Perhaps the most significant feature of Equation 15-54 is its ability to
describe the liquid-condensation phenomenon and the passage from the gas
to the liquid phase as the gas is compressed. This important feature of the
van der Waals EOS is discussed below in conjunction with Figure 15-13.

Consider a pure substance with a p-V behavior as shown in Figure
15-13. Assume that the substance is kept at a constant temperature T
below its critical temperature. At this temperature, Equation 15-54 has
three real roots (volumes) for each specified pressure p. A typical solu-
tion of Equation 15-54 at constant temperature T is shown graphically
by the dashed isotherm: the constant temperature curve DWEZB
in Figure 15-13. The three values of V are the intersections B, E, and D
on the horizontal line, corresponding to a fixed value of the pressure.
This dashed calculated line (DWEZB) then appears to give a continuous

A pure component
1sotherm as calculated
from the VdW EOS

Pressure ——p

Volume ——p

Figure 15-13. Pressure-volume diagram for a pure component.
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transition from the gaseous phase to the liquid phase, but in reality, the
transition is abrupt and discontinuous, with both liquid and vapor exist-
ing along the straight horizontal line DB. Examining the graphical solu-
tion of Equation 15-54 shows that the largest root (volume), as indicated
by point D, corresponds to the volume of the saturated vapor, while the
smallest positive volume, as indicated by point B, corresponds to the
volume of the saturated liquid. The third root, point E, has no physical
meaning. Note that these values become identical as the temperature
approaches the critical temperature T, of the substance.

Equation 15-54 can be expressed in a more practical form in terms of
the compressibility factor Z. Replacing the molar volume V in Equation
15-54 with ZRT/p gives:

7’ —(1+B)Z* +AZ-AB=0 (15-55)
where
A:% (15-56)
B:% (15-57)

Z. = compressibility factor
p = system pressure, psia
T = system temperature, °R

Equation 15-55 yields one real root! in the one-phase region and three
real roots in the two-phase region (where system pressure equals the
vapor pressure of the substance). In the latter case, the largest root corre-
sponds to the compressibility factor of the vapor phase ZV, while the
smallest positive root corresponds to that of the liquid ZT.

An important practical application of Equation 15-55 is for calculating
density calculations, as illustrated in the following example.

Example 15-9

A pure propane is held in a closed container at 100°F. Both gas and
liquid are present. Calculate, by using the van der Waals EOS, the densi-
ty of the gas and liquid phases.

'In some supercritical regions, Equation 15-55 can yield three real roots for Z. From the
three real roots, the largest root is the value of the compressibility with physical meaning.
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Solution

Step 1. Determine the vapor pressure p, of the propane from the Cox
chart. This is the only pressure at which two phases can exist at
the specified temperature:

p, =185 psi

Step 2. Calculate parameters a and b from Equations 15-52 and 15-53,

respectively.

2m2

a=Q, R
P.

(10.73)*(666)
616.3

a=0.421875 =34,957.4

and

bog, R
P.

10.73(666)

b=0.125 =1.4494

Step 3. Compute coefficients A and B by applying Equations 15-56 and
15-57, respectively.
ap
AR
_(34,957.4)(185)
(10.73)*(560)
B=PP
RT
_ (1.4494)(185)

B=~ " 222) _().044625
(10.73)(560)

=0.179122

Step 4. Substitute the values of A and B into Equation 15-55 to give:
7’ -(1+B)Z* +AZ-AB=0
Z’ —1.044625Z° +0.179122Z - 0.007993 =0
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Step 5. Solve the above third-degree polynomial by extracting the largest
and smallest roots of the polynomial by using the appropriate
direct or iterative method to give:

7" =0.72365
Z" =0.07534
Step 6. Solve for the density of the gas and liquid phases by using Equa-
tion 2-17:
M
P, =
Z'RT
P, = UBS)340) ___ ) gypp g
(0.72365)(10.73)(560)
and
__mM
PL=ZIRT
(185)(44)

=17.981b/ft>

L7 (0.7534)(10.73)(560)

The van der Waals equation of state, despite its simplicity, provides a
correct description, at least qualitatively, of the PVT behavior of sub-
stances in the liquid and gaseous states. Yet it is not accurate enough to
be suitable for design purposes.

With the rapid development of computers, the EOS approach for the
calculation of physical properties and phase equilibria proved to be a
powerful tool, and much energy was devoted to the development of new
and accurate equations of state. These equations, many of them a modifi-
cation of the van der Waals equation of state, range in complexity from
simple expressions containing 2 or 3 parameters to complicated forms
containing more than 50 parameters. Although the complexity of any
equation of state presents no computational problem, most authors prefer
to retain the simplicity found in the van der Waals cubic equation while
improving its accuracy through modifications.

All equations of state are generally developed for pure fluids first, and
then extended to mixtures through the use of mixing rules. These mixing
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rules are simply means of calculating mixture parameters equivalent to
those of pure substances.

Redlich-Kwong Equation of State

Redlich and Kwong (1949) demonstrated that by a simple adjustment,
the van der Waals attractive pressure term a/V? could considerably
improve the prediction of the volumetric and physical properties of the
vapor phase. The authors replaced the attractive pressure term with a
generalized temperature dependence term. Their equation has the follow-
ing form:

RT a

“V_b V(V+bJT (15-58)

p

where T is the system temperature in °R.

Redlich and Kwong (1949), in their development of the equation,
noted that as the system pressure becomes very large, i.e., p — oo, the
molar volume V of the substance shrinks to about 26% of its critical vol-
ume regardless of the system temperature. Accordingly, they constructed
Equation 15-58 to satisfy the following condition:

b=0.26V, (15-59)
Imposing the critical point conditions (as expressed by Equation 15-46)

on Equation 15-58 and solving the resulting equations simultaneously
gives:

2m2.5

a=q Rk (15-60)
P

b=0, X (15-61)
Pc

where Q, = 0.42747 and Q, = 0.08664. Equating Equation 15-61 with
15-59 gives:

p.V, =0.333RT. (15-62)

Equation 15-62 shows that the Redlich-Kwong EOS produces a universal
critical compressibility factor (Z.) of 0.333 for all substances. As indicat-
ed earlier, the critical gas compressibility ranges from 0.23 to 0.31 for
most of the substances.
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Replacing the molar volume V in Equation 15-58 with ZRT/p gives:

2°-7*+(A-B-B’)Z-AB=0 (15-63)
where

A:% (15-64)

B:% (15-65)

As in the van der Waals EOS, Equation 15-63 yields one real root in the
one-phase region (gas-phase region or liquid-phase region), and three
real roots in the two-phase region. In the latter case, the largest root cor-
responds to the compressibility factor of the gas phase Z¥ while the
smallest positive root corresponding to that of the liquid Z".

Example 15-10
Rework Example 15-9 by using the Redlich-Kwong equation of state.
Solution

Step 1. Calculate the parameters a, b, A, and B:

2 2.5
a= 0427474073 (666) " _ o1 110.1
16.3
b= 0.08664 (1073000) _; 046
_ 0141 10. 1)(18255) =0.197925
(10.73)* (560)*
g (1L0046)(185) _ . .00
(10.73)(560)

Step 2. Substitute parameters A and B into Equation 15-63, and extract
the largest and the smallest root, to give:

7> - 77 +0.1660384Z —0.0061218 =0
Largest Root Z" = 0.802641
Smallest Root Z" = 0.0527377
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Step 3. Solve for the density of the liquid phase and gas phase:

_ pM
P=ZRT
ph = (185)(44) =25.71b/ft?
(0.0527377)(10.73)(560)
= (185)(44) =1.6881b/ft>
(0.802641)(10.73)(560)

Redlich and Kwong extended the application of their equation to
hydrocarbon liquid or gas mixtures by employing the following mixing
rules:

aﬁ[ixi@} (15-66)

b, = i[xibi] (15-67)

i=1

where n = number of components in mixture
a; = Redlich-Kwong a parameter for the i’th component as
given by Equation 15-60
b; = Redlich-Kwong b parameter for the i’th component as
given by Equation 15-61
an,, = parameter a for mixture
by, = parameter b for mixture
x; = mole fraction of component i in the liquid phase

To calculate a, and by, for a hydrocarbon gas mixture with a composi-
tion of y;, use Equations 15-66 and 15-67 and replace x; with y;:

o]

b, = Z[Yibi]

i=1

Equation 15-63 gives the compressibility factor of the gas phase or the lig-
uid with the coefficients A and B as defined by Equations 15-64 and 15-65.
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The application of the Redlich-Kwong equation of state for hydrocarbon
mixtures can be best illustrated through the following two examples.

Example 15-11

Calculate the density of a crude oil with the following composition at
4000 psia and 160°F. Use the Redlich-Kwong EOS.

Component Xi M [ T
C 0.45 16.043 666.4 343.33
C, 0.05 30.070 706.5 549.92
C3 0.05 44.097 616.0 666.06
n—-Cy 0.03 58.123 527.9 765.62
n-Cs 0.01 72.150 488.6 845.8
Cs 0.01 84.00 453 923
Cr. 0.40 215 285 1287
Solution

Step 1. Determine the parameters a; and b; for each component by using
Equations 15-60 and 15-61.

Component a; b;
C; 161,044.3 0.4780514
C, 493,582.7 0.7225732
Cs 914,314.8 1.004725
Cy 1,449,929 1.292629
Cs 2,095,431 1.609242
Cs 2,845,191 1.945712
Cys 1.022348E7 4.191958

Step 2. Calculate the mixture parameters a,, and by, from Equations 15-66
and 15-67 to give:

2
a_ :[Zl‘xi@} =2,591,967

and



1096 Reservoir Engineering Handbook

b, = [xb;]=2.0526
i=1

Step 3. Compute the coefficients A and B by using Equations 15-64 and
15-65 to produce:

A= 2w _ 2391, 267(4035()) = 9.406539
RT>  10.73%(620)

B DmP _ 2:0526(4000) _ | 200
RT  10.73(620)

Step 4. Solve Equation 15-63 for the largest positive root to yield:

72 -7 +6.93845Z—11.60813=0
7L =1.548126

Step 5. Calculate the apparent molecular weight of the crude oil:
M, =2x,M;
M, =100.2547

Step 6. Solve for the density of the crude oil:

pL — pMa
Z'RT
ol = (4000)(1002547) __ 4g o3 1 g3

(10.73)(620)(1.548120)

Notice that liquid density, as calculated by Standing’s correlation, gives a
value of 46.23 1b/ft3.

Example 15-12

Calculate the density of a gas phase with the following composition at
4000 psia and 160°F. Use the Redlich-Kwong EOS.
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Component yi M [ Tc
C 0.86 16.043 666.4 343.33
C, 0.05 30.070 706.5 549.92
C; 0.05 44.097 616.0 666.06
Cy 0.02 58.123 527.9 765.62
Cs 0.01 72.150 488.6 845.8
Ce 0.005 84.00 453 923
Cy. 0.005 215 285 1287
Solution

Step 1. Calculate ay, and by, by using Equations 15-66 and 15-67 to give:

n 2
- [zwai]
i=1
a, =241,118
b, =3b.x,
by =0.5701225

Step 2. Calculate the coefficients A and B by applying Equations 15-64
and 15-65 to yield:

_a,p _ 241,118(4000)
R’T>  10.73%(620)*

=0.8750

b,p _ 0.5701225(4000)

=0.3428
RT 10.73(620)

B=

Step 3. Solve Equation 15-63 for ZV to give:
2’ -7 +0.414688Z—0.29995=0
ZV =0.907

Step 4. Calculate the apparent density of the gas mixture:
M, =Zy;M, =20.89

v_ PM,
P = ZRT
or = (4000)20.89) 5 5y

(10.73)(620)(0.907)
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Soave-Redlich-Kwong Equation of State and Its Modifications

One of the most significant milestones in the development of cubic
equations of state was the publication by Soave (1972) of a modification
to the evaluation of parameter a in the attractive pressure term of the
Redlich-Kwong equation of state (Equation 15-68). Soave replaced the
term a/T%> in Equation 15-58 with a more generalized temperature-
dependent term, as denoted by (a), to give:

RT ao

“V-b V(V+b) (15-68)

P

where a is a dimensionless factor that becomes unity at T = T.. At tem-
peratures other than critical temperature, the parameter « is defined by
the following expression:

a:[1+m(1—ﬁ)]2 (15-69)

The parameter m is correlated with the acentric factor to give:
m = 0.480 +1.574® - 0.1760° (15-70)

where T, = reduced temperature T/Tc
o = acentric factor of the substance
T = system temperature, °R

For any pure component, the constants a and b in Equation 15-68 are
found by imposing the classical van der Waals critical point constraints
(Equation 15-46) on Equation 15-68, and solving the resulting equations,
to give:

R*T?
a=Q — ¢ (15-71)
P,
RT
b=0Q, pc (15-72)

where Q, and Qy are the Soave-Redlich-Kwong (SRK) dimensionless
pure component parameters and have the following values:

Q, =042747 and Q, =0.08664
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Edmister and Lee (1986) showed that the two parameters a and b can be
determined more conveniently by considering the critical isotherm:

(V-V.) =V -3V ]V’ +[3vZ V-V =0 (15-73)
Equation 15-27 can also be put into a cubic form to give:
Vi [RT]V2 [aoc bRT bz] [(au)b]zo (15-74)
p p p p

At the critical point, the coefficient o = 1 and the above two expressions
are essentially identical. Equating the like terms gives:

RT,

3V, = (15-75)

P
bRT

V2= 2% 2 (15-76)
Pe P

and
b

V3= ;— (15-77)

Solving the above equations for parameters a and b yields expressions
for the parameters as given by Equations 15-71 and 15-72.

Equation 15-75 indicates that the SRK equation of state gives a uni-
versal critical gas compressibility factor of 0.333. Combining Equation
15-34 with 15-72 gives:

b=0.26V,

Introducing the compressibility factor Z into Equation 15-33 by replacing
the molar volume V in the equation with (ZRT/p) and rearranging, gives:

z3—z2+(A—B—B2)Z—AB:0 (15-78)
with
A= ((;‘;))13 (15-79)
b
B=P (15-80)
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where p = system pressure, psia
T = system temperature, °R
R = 10.730 psia ft*/lb-mol-°R
Example 15-13

Rework Example 15-9 and solve for the density of the two phases by
using the SRK EOS.

Solution

Step 1. Determine the critical pressure, critical temperature, and acentric
factor from Table 1-2 of Chapter 1 to give:

T. = 666.01°R
p. =616.3 psia
o =0.1524

Step 2. Calculate the reduced temperature.

T, =560/666.01 = 0.8408

Step 3. Calculate the parameter m by applying Equation 15-70 to yield:

m=0.480+1.5740 - 0.176®*
m = 0.480 +1.574(0.1524) — 0.176(1.524)* = 0.7051

Step 4. Solve for the parameter a by using Equation 15-69 to give:
2
a=[m+(1-yT,)] =1.120518
Step 5. Compute the coefficients a and b by applying Equations 15-71

and 15-72 to yield:

2 2
-+ 0.42747 10-73°(666.01)

=35,427.6

10.73(666.01)

b =0.08664 1.00471

Step 6. Calculate the coefficients A and B from Equations 15-79 and 15-80,
to produce:
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(ac)p

R°T?

_ (35,427.6)(1.120518)185 _
10.73%(560)°

=P

RT

(1.00471)(185)

B=+—" "2/ _0.034658
(10.73)(560)

A=

=0.203365

Step 7. Solve Equation 15-78 for Z" and Z":
2°-7'+(A-B-B*)Z+AB=0
7' — 7 +(0.203365 - 0.034658 — 0.034658" )Z + (0.203365)(0.034658) = 0

Solving the above third-degree polynomial gives:
7 =0.06729

ZV =0.80212

Step 8. Calculate the gas and liquid density to give:

_pM
P=ZRT
V= (185)(44.0) =1.6887 Ib/ft’
(0.802121)(10.73)(560)
L= (185)(44.0) =20.13 Ib/ft?
(0.06729)(10.73)(560)

To use Equation 15-78 with mixtures, mixing rules are required to deter-
mine the terms (act) and b for the mixtures. Soave adopted the following
mixing rules:

(act),, 2 Z[xx Jaaoo (1-ky )| (15-81)
:Z[xibi] (15-82)

with 1
A - (@), p (15-83)
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and

b.p
B=-m% 15-84
RT ( )

The parameter k;; is an empirically determined correction factor (called
the binary interaction coefficient) that is designed to characterize any
binary system formed by component i and component j in the hydrocar-
bon mixture.

These binary interaction coefficients are used to model the intermolec-
ular interaction through empirical adjustment of the (ao.);, term as repre-
sented mathematically by Equation 15-81. They are dependent on the
difference in molecular size of components in a binary system and they
are characterized by the following properties:

* The interaction between hydrocarbon components increases as the rela-
tive difference between their molecular weights increases:

ki,j+l>ki,j

* Hydrocarbon components with the same molecular weight have a
binary interaction coefficient of zero:

ki,i:O

* The binary interaction coefficient matrix is symmetric:

ki i=kij

Slot-Petersen (1987) and Vidal and Daubert (1978) presented a theoreti-
cal background to the meaning of the interaction coefficient and tech-
niques for determining their values. Graboski and Daubert (1978) and
Soave (1972) suggested that no binary interaction coefficients are
required for hydrocarbon systems. However, with nonhydrocarbons pres-
ent, binary interaction parameters can greatly improve the volumetric and
phase behavior predictions of the mixture by the SRK EOS.

In solving Equation 15-73 for the compressibility factor of the liquid
phase, the composition of the liquid x; is used to calculate the coeffi-
cients A and B of Equations 15-83 and 15-84 through the use of the mix-
ing rules as described by Equations 15-81 and 15-82. For determining the
compressibility factor of the gas phase ZY, the above outlined procedure
is used with composition of the gas phase y; replacing x;.
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A two-phase hydrocarbon system exists in equilibrium at 4000 psia

and 160°F. The system has the following composition:

Component Xi Yi
C 0.45 0.86
C, 0.05 0.05
C; 0.05 0.05
Cy 0.03 0.02
Cs 0.01 0.01
Ce 0.01 0.005
Crs 0.40 0.005

The heptanes-plus fraction has the following properties:

M =215

pe = 285 psia
T. =700°F
o=0.52

Assuming k;; = 0, calculate the density of each phase by using the SRK

EOS.

Solution

Step 1. Calculate the parameters o, a, and b by applying Equations

15-64, 15-71, and 15-72.

Component o a; b;
C, 0.6869 8,689.3 0.4780
C, 0.9248 21,040.8 0.7725
Cs 1.0502 35,422.1 1.0046
Cy 1.1616 52,390.3 1.2925
Cs 1.2639 72,041.7 1.6091
Cq 1.3547 94,108.4 1.9455
Cry 1.7859 232.367.9 3.7838

Step 2. Calculate the mixture parameters (ao.),, and by, for the gas phase
and liquid phase by applying Equations 15-81 and 15-82 to give:



1104

Step 3.

Step 4.
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* For the gas phase using y;:
ZZ[y yiamonoy (1-k;)|=9219.3

= E[yibi] =0.5680

* For the liquid phase using x;:

ZZ[XX alajoc‘ocjl kij)]=104,362'9
= [x,b,]=0.1.8893

Calculate the coefficients A and B for each phase by applying
Equations 15-83 and 15-84 to yield:

* For the gas phase:

- (ao;)mzp _ (9219.32)(40002) 08332
R>T?  (10.73)*(620)

B DuP _ (0.5680)(4000) _ /.«
RT  (10.73)(620)

* For the liquid phase:

A (ao;)mzp _ (104,362?)(40(30) 94304
RT (10.73)*(620)

B Dmp _ (1.8893)(4000) _ .
RT  (10.73)(620)

Solve Equation 15-78 for the compressibility factor of the gas
phase to produce:

2°-7'+(A-B-B*)Z+AB=0
7’ -7’ +(0.8332-0.3415-0.3415")Z +(0.8332)(0.3415) =0

Solving the above polynomial for the largest root gives:
7Y =0.9267



Step 5.

Step 6.

Step 7.
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Solve Equation 15-78 for the compressibility factor of the liquid
phase to produce:
2-7’+(A-B-B’)Z+AB=0
7’ -7 +(9.4324 - 1.136 - 1.1367 )Z +(9.4324)(1.136) = 0

Solving the above polynomial for the smallest root gives:
ZF=1.4121

Calculate the apparent molecular weight of the gas phase and lig-
uid phase from their composition, to yield:

* For the gas phase:
M, =) yM, =20.89
* For the liquid phase:
M, = x;M, =100.25

Calculate the density of each phase:

_pM,
P RTZ

* For the gas phase:

. (4000)(20.89)

= =13.556 Ib/ft*
(10.73)(620)(0.9267)

* For the liquid phase:

ok = (4000)(100.25) — 4268 Ib/ft3

(10.73)(620)(1.4121)

It is appropriate at this time to introduce and define the concept of the
fugacity and the fugacity coefficient of the component. The fugacity f is
a measure of the molar Gibbs energy of a real gas. It is evident from the
definition that the fugacity has the units of pressure; in fact, the fugacity
may be looked on as a vapor pressure modified to correctly represent the
escaping tendency of the molecules from one phase into the other. In a
mathematical form, the fugacity of a pure component is defined by the
following expression:
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f= pexp[Jop(ZT_l)dp] (15-85)

where f = fugacity, psia
p = pressure, psia
Z = compressibility factor

The ratio of the fugacity to the pressure, i.e., f/p, is called the fugacity
coefficient ® and is calculated from Equation 15-85 as:

ool

Soave applied the above-generalized thermodynamic relationship to
Equation 15-68 to determine the fugacity coefficient of a pure component:

Z+B]
Z

ln(£)= In(®) = Z—l—ln(Z—B)—%ln[ (15-86)

p

In practical petroleum engineering applications we are concerned with
the phase behavior of the hydrocarbon liquid mixture which, at a speci-
fied pressure and temperature, is in equilibrium with a hydrocarbon gas
mixture at the same pressure and temperature.

The component fugacity in each phase is introduced to develop a crite-
rion for thermodynamic equilibrium. Physically, the fugacity of a compo-
nent i in one phase with respect to the fugacity of the component in a
second phase is a measure of the potential for transfer of the component
between phases. The phase with the lower component fugacity accepts
the component from the phase with a higher component fugacity. Equal
fugacities of a component in the two phases results in a zero net transfer.
A zero transfer for all components implies a hydrocarbon system that is
in thermodynamic equilibrium. Therefore, the condition of the thermody-
namic equilibrium can be expressed mathematically by:

fY=fl 1<i<n (15-87)
where f} = fugacity of component i in the gas phase, psi

fi= fugacity of component i in the liquid phase, psi
n = number of components in the system
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The fugacity coefficient of component i in a hydrocarbon liquid mixture
or hydrocarbon gas mixture is a function of:

» System pressure
* Mole fraction of the component

* Fugacity of the component

For a component i in the gas phase, the fugacity coefficient is defined as:

fY
P} = (15-88)
YiP
For a component i in the liquid phase, the fugacity coefficient is:
fL
O =—— (15-89)
Xip

where @] = fugacity coefficient of component i in the vapor phase
o= fugacity coefficient of component i in the liquid phase

It is clear that at equilibrium fi=f), the equilibrium ratio K; as previously
defined by Equation 15-1, i.e., K; = yi/x;, can be redefined in terms of the
fugacity of components as:

N LGN
CE ()] @

(15-90)

Reid, Prausnitz, and Sherwood (1977) defined the fugacity coefficient of
component i in a hydrocarbon mixture by the following generalized ther-
modynamic relationship:

In(®,) = (%)[ I (g—ri - g]dV] ~1n(Z) (15-91)

where V = total volume of n moles of the mixture
n; = number of moles of component i
Z. = compressibility factor of the hydrocarbon mixture

By combining the above thermodynamic definition of the fugacity with
the SRK EOS (Equation 15-68), Soave proposed the following expres-
sion for the fugacity coefficient of component i in the liquid phase:
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ln(@f)=@—ln(ZL—B)—(%)[%—:;]l [1+Z£] (15-92)

m m

where
VY = Z[ijlaiajaiaj (l_kij)] (15-93)
(act) ZZ[X X200, 1—kij)] (15-94)

Equation 15-92 is also used to determine the fugacity coefficient of com-
ponent in the gas phase ®Y by using the composition of the gas phase y;
in calculating A, B, ZV, and other composition-dependent terms, or:

LR [ L ]

m m m

where

Y = Z[yJ alajoclocjl kij)]
ZZ[y Y alajoclocj l—kij)]

Modifications of the SRK EOS

To improve the pure component vapor pressure predictions by the
SRK equation of state, Graboski and Daubert (1978) proposed a new
expression for calculating parameter m of Equation 15-70. The proposed
relationship originated from analyses of extensive experimental data for
pure hydrocarbons. The relationship has the following form:

m = 0.48508 +1.551710 — 0.15613w> (15-95)

Sim and Daubert (1980) pointed out that because the coefficients of Equation
15-95 were determined by analyzing vapor pressure data of low-molecular-
weight hydrocarbons it is unlikely that Equation 15-95 will suffice for high-
molecular-weight petroleum fractions. Realizing that the acentric factors for
the heavy petroleum fractions are calculated from an equation such as the
Edmister correlation or the Lee and Kessler (1975) correlation, the authors
proposed the following expressions for determining the parameter m:
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* If the acentric factor is determined by using the Edmister correlation, then:

m=0.431+1.57w, -0.161o; (15-96)

e If the acentric factor is determined by using the Lee and Kessler cor-
rection, then:

m=0.315+1.600, —0.166®; (15-97)

Elliot and Daubert (1985) stated that the optimal binary interaction coef-
ficient k;; would minimize the error in the representation of all thermody-
namic properties of a mixture. Properties of particular interest in phase equi-
librium calculations include bubble-point pressure, dew-point pressure, and
equilibrium ratios. The authors proposed a set of relationships for determin-
ing interaction coefficients for asymmetric mixtures? that contain methane,
N, CO,, and H,S. Referring to the principal component as i and the other
fraction as j, Elliot and Daubert proposed the following expressions:

* For N, systems:

k;; =0.107089 +2.9776k;; (15-98)
e For CO, systems:

k;; =0.08058 —0.77215k; — 1.8404(k;’;)2 (15-99)
* For H,S systems:

k;; =0.07654 +0.017921k;; (15-100)
* For methane systems with compounds of 10 carbons or more:

k, = 0.17985-2.6958k —10.853(k} )’ (15-101)

where

2
kij = Aeme) (15-102)
2e.e

2 An asymmetric mixture is defined as one in which two of the components are consider-
ably different in their chemical behavior. Mixtures of methane with hydrocarbons of 10
or more carbon atoms can be considered asymmetric. Mixtures containing gases such as
nitrogen or hydrogen are asymmetric.
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and

.- 0.480453./a;

1

(15-103)

The two parameters a; and b; in Equation 15-103 were previously defined
by Equations 15-71 and 15-72.

The major drawback in the SRK EOS is that the critical compressibili-
ty factor takes on the unrealistic universal critical compressibility of
0.333 for all substances. Consequently, the molar volumes are typically
overestimated and, hence, densities are underestimated.

Peneloux et al. (1982) developed a procedure for improving the volu-
metric predictions of the SRK EOS by introducing a volume correction
parameter c; into the equation. This third parameter does not change the
vapor-liquid equilibrium conditions determined by the unmodified SRK
equation, i.e., the equilibrium ratio Kj, but it modifies the liquid and gas
volumes. The proposed methodology, known as the volume translation
method, uses the following expressions:

Vige = VI = (x¢;) (15-104)

Ve =V =Y (vie) (15-105)

1

where VI = uncorrected liquid molar volume, i.e., V& = Z'RT/p,
ft3/mol
V¥ = uncorrected gas molar volume V¥ = Z'RT/p, ft}/mol
VE&,ir = corrected liquid molar volume, ft3/mol
V¥orr = corrected gas molar volume, ft*/mol
x; = mole fraction of component i in the liquid phase
yi = mole fraction of component i in the gas phase

The authors proposed six different schemes for calculating the correc-
tion factor c; for each component. For petroleum fluids and heavy hydro-
carbons, Peneloux and coworkers suggested that the best correlating
parameter for the correction factor c; is the Rackett compressibility factor
Zgra. The correction factor is then defined mathematically by the follow-
ing relationship:

c; =4.43797878(0.29441— Z, ) T.; /e (15-106)
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where c; = correction factor for component i, ft3/Ib-mol
T,; = critical temperature of component i, °R
P.i = critical pressure of component i, psia

The parameter Zga is a unique constant for each compound. The val-
ues of Zgra are in general not much different from those of the critical
compressibility factors Z.. If their values are not available, Peneloux et
al. (1982) proposed the following correlation for calculating c;:

C; :(O.Ol15831168+0.41184415203)(E] (15-107)
P.i

where ®; = acentric factor of component i.
Example 15-15

Rework Example 15-14 by incorporating the Peneloux volume correc-
tion approach in the solution. Key information from Example 15-14
includes:

* For gas: Z¥=0.9267, Ma = 20.89
e For liquid: Z% = 1.4121, Ma = 100.25
e T =160°F, p =4000 psi

Solution

Step 1. Calculate the correction factor ¢; using Equation 15-107:

Component [ Xi CiX; Yi GYi
C 0.00839 0.45 0.003776 0.86 0.00722
@) 0.03807 0.05 0.001903 0.05 0.00190
G 0.07729 0.05 0.003861 0.05 0.00386
C, 0.1265 0.03 0.00379 0.02 0.00253
Cs 0.19897 0.01 0.001989 0.01 0.00198
Ce 0.2791 0.01 0.00279 0.005 0.00139
Crs 0.91881 0.40 0.36752 0.005 0.00459
sum 0.38564 0.02349

Step 2. Calculate the uncorrected volume of the gas and liquid phase by
using the compressibility factors as calculated in Example 15-14:
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v = (073)(620009267) _ | 54119 ymol
4000

gu 2 (073)(620)(14121) e s
4000

Step 3. Calculate the corrected gas and liquid volumes by applying Equa-
tions 15-104 and 15-105:

Vie = V5= (xi0,) =2.3485-0.38564 = 1.962927 ft7/mol

corr
i

V) o =V'- Z(yici) =1.54119-0.02349 =1.5177 ft/mol

1

Step 4. Calculate the corrected compressibility factors:

. (4000)(1.5177)

= =0.91254
T (10.73)(620)

L (4000)(1.962927)

- =1.18025
o = (10.73)(620)

Step 5. Determine the corrected densities of both phases:

_pM,

P=R1Z

or = (4000)(2089) 5 500y s
(10.73)(620)(0.91254)

oL (4000)10025) oy o

(10.73)(620)(1.18025)

Peng-Robinson Equation of State and Its Modifications

Peng and Robinson (1976a) conducted a comprehensive study to eval-
uate the use of the SRK equation of state for predicting the behavior of
naturally occurring hydrocarbon systems. They illustrated the need for an
improvement in the ability of the equation of state to predict liquid densi-
ties and other fluid properties particularly in the vicinity of the critical
region. As a basis for creating an improved model, Peng and Robinson
proposed the following expression:
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_ RT _ ao
V-b (V+b)’—cb’

P

where a, b, and o have the same significance as they have in the SRK
model, and the parameter c is a whole number optimized by analyzing
the values of the two terms Z. and b/V, as obtained from the equation. It
is generally accepted that Z, should be close to 0.28 and that b/Vc should
be approximately 0.26. An optimized value of ¢ = 2 gave Z. = 0.307 and
(b/V,) = 0.253. Based on this value of ¢, Peng and Robinson proposed
the following equation of state:

_ RT aol
V-b V(V+b)+b(V-b)

p (15-108)

Imposing the classical critical point conditions (Equation 15-46) on
Equation 15-108 and solving for parameters a and b yields:

2m2

a= R (15-109)
P

b=0, S (15-110)
Pe

where Q, = 0.45724 and Q, = 0.07780. This equation predicts a univer-
sal critical gas compressibility factor Z. of 0.307 compared to 0.333 for
the SRK model. Peng and Robinson also adopted Soave’s approach for
calculating the temperature-dependent parameter o

2
o=[1+m(1-T,)] (15-111)
where
m = 0.3796 +1.542260 — 0.26990"

Peng and Robinson (1978) proposed the following modified expression

for m that is recommended for heavier components with acentric values
> 0.49:

m = 0.379642 +1.48503w — 0.1644®> +0.016667w’ (15-112)

Rearranging Equation 15-108 into the compressibility factor form gives:

2’ +(B-1)Z’ +(A-3B’ -2B)Z—(AB-B’ -B’)=0 (15-113)
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where A and B are given by Equations 15-79 and 15-80 for pure compo-
nents and by Equations 15-83 and 15-84 for mixtures.

Example 15-16

Using the composition given in Example 15-14, calculate the density
of the gas phase and liquid phase by using the Peng—Robinson EOS.
Assume k;; = 0.

Solution

Step 1. Calculate the mixture parameters (ad.);,, and by, for the gas and
liquid phase, to give:

* For the gas phase:
(aot) ZZ[y y; alajoclocJ 1 kij)] =10,423.54

b, = Z(yibi) =0.862528

* For the liquid phase:
ZZ[X X; alajoclocJ 1— kij)] =107,325.4

b, = z(yibi) =1.69543
Step 2. Calculate the coefficients A and B, to give:
* For the gas phase:

_ (ac),,p _ (10,423.54)(4000)

= =0.94209
R*T? (10.73)*(620)

5 bup _ (0.862528)(4000)

= =0.30669
RT  (10.73)(620)

* For the liquid phase:

A (ao;)mzp _ (107,325.24)(4020) 9700183
R’T (10.73)7(620)
B DuP _ (1.636543)(4000)

~ RT  (10.73)(620)

=1.020078
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Step 3. Solve Equation 15-113 for the compressibility factor of the gas
phase and the liquid phase to give:

Z'+(B-1)Z’ +(A-3B’-2B)Z—(AB-B’-B’)=0

* For the gas phase: Substituting for A = 0.94209 and B =
0.30669 in the above equation gives:
7" =0.8625

* For the liquid phase: Substituting for A = 9.700183 and B =
1.020078 in the above equation gives:

7' =1.2645

Step 4. Calculate the density of both phases:
v (4,000)(20.89)
(10.73)(620)(0.8625)
_ (4,000)(100.25)
(10.73)(620)(1.2645)

Applying the thermodynamic relationship, as given by Equation 15-86,
to Equation 15-109 yields the following expression for the fugacity of a
pure component:

£ ) A Z+(1++2)B
ln(;)—ln(d))—Z—l—ln(Z—B) [[B] [z+( ﬁ)B](15-114)

The fugacity coefficient of component i in a hydrocarbon liquid mixture
is calculated from the following expression:

o[ £ )= Sl -

X;p

=14.566 Ib/ft’

=47.67 Ib/ft

A 2, b. Zt + (1 ++/2 )B
[ ] ————lnf ——F—— (15-115)
2V2B]| (acr),, b, | |Z"-(1-~2)B
where the mixture parameters by, B, A, ¥}, and (aa), are as defined pre-
viously.
Equation 15-115 is also used to determine the fugacity coefficient of
any component in the gas phase by replacing the composition of the lig-

uid phase x; with the composition of the gas phase y; in calculating the
composition-dependent terms of the equation, or:
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ln( £ ): In(®@}) = @ ~In(Z' -B)

yp l

m

A 2%, b, | ZV+(1+«/§)B
[2«5}3} (ac)_ b, | |2 ~(1-+2)B

The set of binary interaction coefficients k;j; on page 1117 is tradition-
ally used when predicting the volumetric behavior of a hydrocarbon mix-
ture with the Peng and Robinson (PR) equation of state.

To improve the predictive capability of the PR EOS when describing
mixtures containing Np, CO,, and CHy, Nikos et al. (1986) proposed a
generalized correlation for generating the binary interaction coefficient
kjj. The authors correlated these coefficients with system pressure, tem-
perature, and the acentric factor. These generalized correlations were
originated with all the binary experimental data available in the litera-
ture. The authors proposed the following generalized form for kj;:

ky =8,T; +8,T;+9, (15-116)

where i refers to the principal components N,, CO,, or CHy; and j refers
to the other hydrocarbon component of the binary. The acentric factor-
dependent coefficients &, 81, and &, are determined for each set of bina-
ries by applying the following expressions:

* For nitrogen-hydrocarbons:

8, =0.1751787-0.70431og(®;) - 0.862066[ log(«; ) (15-117)
8, =—0.584474 +1.328log(; ) + 2.035767[10g((ni)]2 (15-118)
and

8, =2.257079+7.869765log(®, ) +13.50466[ log(w; )]
+8.3864[log(o)]’ (15-119)
They also suggested the following pressure correction:
k;j = kij(1.04—4.2><10_5p) (15-120)
where p is the pressure in pounds per square inch.
* For methane-hydrocarbons:
8, =—0.01664 - 0.37283log(; ) +1.31757[log(, i (15-121)
]2

5, =0.48147+3.35342log(w; ) - 1.0783[log(0,) (15-122)



Binary Interaction Coefficients* k; for the Peng and Robinson EOS

CO2, N HoS G C G i-Cy4 n-Cy i-Cs n-Cs Ce C; Cg Co Cio

CO, 0 0 0.135 0.105 0.130 0.125 0.120  0.115  0.115 0.115 0.115  0.115  0.115  0.115  0.115
N, 0 0.130 0.025 0.010 0.090 0.095  0.095  0.100 0.100 0.110  0.115  0.120  0.120  0.125
H,S 0 0.070 0.085 0.080 0.075  0.075  0.070 0.070 0.070  0.060  0.060  0.060  0.055
G 0 0.005 0.010 0.035 0.025  0.050 0.030 0.030  0.035 0.040 0.040  0.045
G 0 0.005 0.005  0.010  0.020 0.020 0.020  0.020  0.020  0.020  0.020
Cs 0 0.000  0.000  0.015 0.015 0.010  0.005  0.005  0.005  0.005
i-Cy4 0 0.005  0.005 0.005 0.005  0.005  0.005 0.005  0.005
n—-Cy 0 0.005 0.005 0.005  0.005 0.005 0.005  0.005
i-Cs 0 0.000 0.000  0.000  0.000  0.000  0.000
n-Cs 0 0.000  0.000  0.000  0.000  0.000
Cs 0 0.000  0.000  0.000  0.000
C; 0 0.000  0.000  0.000
Cs 0 0.000  0.000
Cy 0 0.000
Cio 0

* Notice that kj; = k;;.



1118 Reservoir Engineering Handbook

and

8, =—0.4114-3.5072log(; ) - 1.0783[log(, ) (15-123)

* For CO;-hydrocarbons:

8, = 0.4025636 +0.1748927 log(w;) (15-124)
8, =—0.94812-0.6009864 log(w;) (15-125)
and

8, =0.741843368+0.441775 log(w;) (15-126)

For the CO, interaction parameters, the following pressure correc-
tion is suggested:

kj =k;(1.044269 - 4.375x107 p) (15-127)

Stryjek and Vera (1986) proposed an improvement in the reproduction
of vapor pressures of pure components by the PR EOS in the reduced
temperature range from 0.7 to 1.0 by replacing the m term in Equation
15-111 with the following expression:

m, =0.378893+1.4897153—0.17131848w° +0.0196554w> (15-128)

To reproduce vapor pressures at reduced temperatures below 0.7, Stryjek
and Vera further modified the m parameter in the PR equation by intro-
ducing an adjustable parameter m; characteristic of each compound to
Equation 15-111. They proposed the following generalized relationship
for the parameter m:

m=mj +[m, (1+T,)(0.7-T, )] (15-129)

where T, = reduced temperature of the pure component
m, = defined by Equation 15-128
m; = adjustable parameter

For all components with a reduced temperature above 0.7, Stryjek and
Vera recommended setting m; = 0. For components with a reduced tem-
perature greater than 0.7, the optimum values of m; for compounds of
industrial interest are tabulated below:
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Parameter m; of Pure Compounds

Compound m; Compound m;
Nitrogen 0.01996 Nonane 0.04104
Carbon dioxide 0.04285 Decane 0.04510
Water -0.06635 Undecane 0.02919
Methane -0.00159 Dodecane 0.05426
Ethane 0.02669 Tridecane 0.04157
Propane 0.03136 Tetradecane 0.02686
Butane 0.03443 Pentadecane 0.01892
Pentane 0.03946 Hexadecane 0.02665
Hexane 0.05104 Heptadecane 0.04048
Heptane 0.04648 Octadecane 0.08291

Octane 0.04464

Due to the totally empirical nature of the parameter m;, Stryjek and
Vera (1986) could not find a generalized correlation for m; in terms of
pure component parameters. They pointed out that the values of m; given
above should be used without changes.

Jhaveri and Youngren (1984) pointed out that when applying the
Peng—Robinson equation of state to reservoir fluids, the error associated
with the equation in the prediction of gas-phase Z factors ranged from 3
to 5%, and the error in the liquid density predictions ranged from 6 to
12%. Following the procedure proposed by Peneloux and coworkers (see
the SRK EOS), Jhaveri and Youngren introduced the volume correction
parameter c; to the PR EOS. This third parameter has the same units as
the second parameter b; of the unmodified PR equation and is defined by
the following relationship:

c,=Sb, (15-130)

where S; = dimensionless parameter and is called the shift parameter
b; = Peng—Robinson co-volume as given by Equation 15-110

The volume correction parameter c; does not change the vapor-liquid
equilibrium conditions, i.e., equilibrium ratio K;. The corrected hydrocar-
bon phase volumes are given by the following expressions:

VcLon =vt— Z(xici)

i=1

Veor =V' = Z(yici)

i=1
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where VL, V¥ = volumes of the liquid phase and gas phase as
calculated by unmodified PR EOS, ft*/mol
VLo VVeorr = corrected volumes of the liquid and gas phase

Whitson and Brule (2000) point out that the volume translation (cor-
rection) concept can be applied to any two-constant cubic equation,
thereby eliminating the volumetric deficiency associated with application
of EOS. Whitson and Brule extended the work of Jhaveri and Youngren
(1984) and proposed the following shift parameters for selected pure
components:

Shift Parameters for the PR EOS and SRK EOS

Compound PR EOS SRK EOS
N, -0.1927 -0.0079
CO, —0.0817 0.0833
H,S —0.1288 0.0466
C —0.1595 0.0234
Cy -0.1134 0.0605
Cs —0.0863 0.0825
i-Cy —0.0844 0.0830
n—-Cy —0.0675 0.0975
i—Cs —0.0608 0.1022
n-Cs —-0.0390 0.1209
n-GCg —0.0080 0.1467
n-Cy 0.0033 0.1554
n-Cg 0.0314 0.1794
n—Cy 0.0408 0.1868
n-Cy 0.0655 0.2080

Jhaveri and Youngren (1984) proposed the following expression for
calculating the shift parameter for the C7,:
. d

(M)*

S=1

where M = molecular weight of the heptanes-plus fraction
d, e = positive correlation coefficients

The authors proposed that in the absence of the experimental information
needed for calculating e and d, the power coefficient e can be set equal to
0.2051 and the coefficient d adjusted to match the C;, density with the
values of d ranging from 2.2 to 3.2. In general, the following values may
be used for Cy, fractions:
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Hydrocarbon Family d e
Paraffins 2.258 0.1823
Naphthenes 3.044 0.2324
Aromatics 2.516 0.2008

To use the Peng and Robinson equation of state to predict the phase
and volumetric behavior of mixtures, one must be able to provide the
critical pressure, the critical temperature, and the acentric factor for each
component in the mixture. For pure compounds, the required properties
are well defined and known. Nearly all naturally occurring petroleum
fluids contain a quantity of heavy fractions that are not well defined.
These heavy fractions are often lumped together as the heptanes-plus
fraction. The problem of how to adequately characterize the C, fractions
in terms of their critical properties and acentric factors has been long rec-
ognized in the petroleum industry. Changing the characterization of Cy,
fractions present in even small amounts can have a profound effect on
the PVT properties and the phase equilibria of a hydrocarbon system as
predicted by the Peng and Robinson equation of state.

The usual approach for such situations is to “tune” the parameters in
the EOS in an attempt to improve the accuracy of prediction. During the
tuning process, the critical properties of the heptanes-plus fraction and
the binary interaction coefficients are adjusted to obtain a reasonable
match with experimental data available on the hydrocarbon mixture.

Recognizing that the inadequacy of the predictive capability of the PR
EOS lies with the improper procedure for calculating the parameters a, b,
and o of the equation for the C;, fraction, Ahmed (1991) devised an
approach for determining these parameters from the following two readi-
ly measured physical properties of C7,: molecular weight, M7, and spe-
cific gravity, y74.

The approach is based on generating 49 density values for the C;, by
applying the Riazi and Daubert correlation. These values were subse-
quently subjected to 10 temperature and 10 pressure values in the range
of 60 to 300°F and 14.7 to 7000 psia, respectively. The Peng and Robin-
son EOS was then applied to match the 4900 generated density values by
optimizing the parameters a, b, and o using a nonlinear regression model.
The optimized parameters for the heptanes-plus fraction are given by the
following expressions.

For the parameter a of Cy,:

2
a=[1+m[l— %)] (15-131)
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with m defined by:

A
+A,M, +AM, + M_4 +AsY7,

7+

m=——
A,+AD
(15-132)
+ A6’Y§+ + ﬁ
T+
with the parameter D defined by the ratio of the molecular weight to the
specific gravity of the heptanes-plus fraction, or:

D:M7+

Y7+

where My, = molecular weight of C7,
v7+ = specific gravity of Cr,
Ao — A7 = coefficients as given in Table 15-2

For the parameters a and b of Cy,, the following generalized correla-
tion is proposed:

: N, - A
aorb=[ ) (AD')[+=2 ) (AL [+—2. 15-133
[2( | )] D [2( IY” )] . )
The coefficients Ay through A are included in Table 15-2.

To further improve the predictive capability of the Peng—Robinson
EOS, the author optimized coefficients a, b, and m for nitrogen, CO,, and
methane by matching 100 Z-factor values for each of these components.
Using a nonlinear regression model, the following optimized values are
recommended:

Table 15-2 Coefficients for Equations 15-132 and 15-133

Coefficient a b m
Ay —2.433525 x 107 -6.8453198 -36.91776
Ay 8.3201587 x 103 1.730243 x 1072 —5.2393763 x 102
A, —0.18444102 x 102 —6.2055064 x 107° 1.7316235 x 102
Az 3.6003101 x 102 9.0910383 x 107 —1.3743308 x 1073
Ay 3.4992796 x 107 13.378898 12.718844
As 2.838756 x 107 7.9492922 10.246122
Ag —1.1325365 x 107 -3.1779077 —7.6697942

Ay 6.418828 x 10° 1.7190311 —2.6078099
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Component a b m in Eq. 15-131
CO, 1.499914 x 10* 0.41503575 —0.73605717
N, 4.5693589 x 103 0.4682582 —0.97962859
C 7.709708 x 103 0.46749727 —0.549765

To provide the modified PR EOS with a consistent procedure for
determining the binary interaction coefficient kj;, the following computa-
tional steps are proposed:

Step 1.

Step 2.

Step 3.

Step 4.

Calculate the binary interaction coefficient between methane and
the heptanes-plus fraction from:

k =0.00189T -1.167059

€1 =C7+
where the temperature T is in °R.

Set:

kco,n, =0.12
kCoz-hydrocarbon =0.10
sz- hydrocarbon = 0.10

Adopting the procedure recommended by Petersen (1989), calcu-
late the binary interaction coefficients between components heav-
ier than methane (e.g., C,, Cs3) and the heptanes-plus fraction from:

Ke,-c, =08k,

n-1) -Cys

where n is the number of carbon atoms of component C; e.g.:

Binary interaction coefficient between C, and C7, is
ke, -7, = 0.8 ke -y,

Binary interaction coefficient between C; and C7, is
kes - ¢, = 0.8 ke, - oy,

Determine the remaining k;; from:
5 5
(M;)" - ()
5 5
(Mc, ) = (M)
where M is the molecular weight of any specified component.

For example, the binary interaction coefficient between propane
C; and butane Cy is:

ij = i_C7+
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_ (MC4 )5 B (Mcs )5
kc3—c4 = kc3_c7+ (MC7+ )5 ~ (MC3 )5

APPLICATIONS OF THE EQUATION OF STATE IN
PETROLEUM ENGINEERING

Determination of the Equilibrium Ratios

A flow diagram is presented in Figure 15-14 to illustrate the procedure
of determining equilibrium ratios of a hydrocarbon mixture. For this type
of calculation, the system temperature T, the system pressure p, and the
overall composition of the mixture z; must be known. The procedure is
summarized in the following steps in conjunction with Figure 15-14.

Given
zi,p,T

'

Assume
K;

'

Yi> Oy Perform Xi, O
Flash Calculations

Y

A 4 \ 4
Calculate Calculate K: | Calculate
A Loy ot
b K, = 618 i

No Test for
Convergence

Yes

Figure 15-14. Flow diagram of the equilibrium ratio defermination by an equa-
tion of state.



Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.
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Assume an initial value of the equilibrium ratio for each compo-
nent in the mixture at the specified system pressure and tempera-
ture. Wilson’s equation can provide the starting K; values.

K4 =P exp[5.37(14 0,)(1- T, / T))]
P

where K4 = assumed equilibrium ratio of component i.

Using the overall composition and the assumed K values, per-
form flash calculations to determine xj, yj, nr, and ny.

Using the calculated composition of the liquid phase x;, deter-
mine the fugacity coefficient ®} for each component in the liquid
phase.

Repeat Step 3 using the calculated composition of the gas phase
yi to determine @Y.
Calculate the new set of equilibrium ratios from:
L
K, = o
!

Check for the solution by applying the following constraint:
3K /Ks 1] <e
i=1

where € = preset error tolerance, e.g., 0.0001
n = number of components in the system

If the above conditions are satisfied, then the solution has been reached.
If not, steps 1 through 6 are repeated by using the calculated equilibrium
ratios as initial values.

Determination of the Dew-Point Pressure

A saturated vapor exists for a given temperature at the pressure at
which an infinitesimal amount of liquid first appears. This pressure is
referred to as the dew-point pressure pg. The dew-point pressure of a
mixture is described mathematically by the following two conditions:
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(15-134)

and:

Z[E—}:l (15-135)

i-1
Applying the definition of K; in terms of the fugacity coefficient to Equa-
tion 15-135 gives:

O e R 3

i=1 i i=1

or

n f‘l, ]
P4 :Z[q)%

i=1

The above equation is arranged to give:

f(pd)=i[;i]—pd=0 (15-136)

i=1

where pq = dew-point pressure, psia
fY = fugacity of component i in the vapor phase, psia
@ = fugacity coefficient of component i in the liquid phase

Equation 15-136 can be solved for the dew-point pressure by using the
Newton—Raphson iterative method. To use the iterative method, the
derivative of Equation 15-136 with respect to the dew-point pressure pg
is required. This derivative is given by the following expression:

of _ | @k(af1/ap, )~ ty(0@k /ap, )
- = -1 15-137
9P, zf (@) ( )

The two derivatives in the above equation can be approximated numeri-
cally as follows:

E: fY(pd+Apd)_fY(pd_Apd)] (15-138)
dpy 2Ap,




and

art

an

where
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_ d)%(pﬁApd)—‘D?(Pa—APd)} (15-139)

2Apy

Apq = pressure increment, 5 psia, for example
¥ (pg + Apa) = fugacity of component i at (pg + Apq)
Y (pa — Apg) = fugacity of component i at (pg — Apq)
®L (pg + Apg) = fugacity coefficient of component i at
(Pa + Apa)
@Y (pg — Apg) = fugacity coefficient of component i at
(Pa — Apa)
®L = fugacity coefficient of component i at pg

The computational procedure of determining pg is summarized in the
following steps:

Step 1.

Step 2.

Step 3.

Assume an initial value for the dew-point pressure p4.

Using the assumed value of p4, calculate a set of equilibrium
ratios for the mixture by using any of the previous correlations,
e.g., Wilson’s correlation.

Calculate the composition of the liquid phase, i.e., composition
of the droplets of liquid, by applying the mathematical definition
of Kj, to give:

Note that y; = z;.

Step 4.

Calculate fY using the composition of the gas phase z; and @k
using the composition of liquid phase x; at the following three
pressures:

* p3
* pi + Apg,
* pid — Apg

where p4 is the assumed dew-point pressure and Apq is a
selected pressure increment of 5 to 10 psi.
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Step 5. Evaluate the function f(pg), i.e., Equation 15-136, and its deriva-
tive by using Equations 15-137 through 15-139.

Step 6. Using the values of the function f(pg) and the derivative df/dpq as
determined in step 5, calculate a new dew-point pressure by
applying the Newton—Raphson formula:

pd:pdA—f(pd)/[aflapd] (15-140)

Step 7. The calculated value of pq is checked numerically against the
assumed value by applying the following condition:

Ipa —p3|<5

If the above condition is met, then the correct dew-point pressure
pa has been found. Otherwise, steps 3 through 6 are repeated by
using the calculated py as the new value for the next iteration. A
set of equilibrium ratios must be calculated at the new assumed
dew-point pressure from:

L
k; = d
7

Determination of the Bubble-Point Pressure

The bubble-point pressure py, is defined as the pressure at which the
first bubble of gas is formed. Accordingly, the bubble-point pressure is
defined mathematically by the following equations:

X; =z, I1<i<n (15-141)
n, =1.0
and

Zn{[ziKi]:l (15-142)

Introducing the concept of the fugacity coefficient into Equation 15-142
gives:

Z|:Ziq):,}zz , z;py ) |=1

i=1 | Zi .
!
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Rearranging,

or

f(py) = n [;}—pb = (15-143)

The iteration sequence for calculation of pp from the above function is
similar to that of the dew-point pressure, which requires differentiating
the above function with respect to the bubble-point pressure, or:

£=i @}(of}/ap, )~ (0@ /ap, ) |
ap,, i=1 (<I>Y)2

(15-144)

Three-Phase Equilibrium Calculations

Two- and three-phase equilibria occur frequently during the processing
of hydrocarbon and related systems. Peng and Robinson (1976b) pro-
posed a three-phase equilibrium calculation scheme of systems that
exhibit a water-rich liquid phase, a hydrocarbon-rich liquid phase, and a
vapor phase.

Applying the principle of mass conservation to 1 mol of a water-
hydrocarbon in a three-phase state of thermodynamic equilibrium at a
fixed temperature T and pressure p gives:

n, +n,+n, =1 (15-145)

npX; +n, X, +0y; =74 (15-146)
ixi:ixwi:zn‘ﬂi:zn:zizl (15-147)
i i-1 i-1 i-1

where np, ny, n, = number of moles of the hydrocarbon-rich liquid,
the water-rich liquid, and the vapor, respectively
Xi, Xwi,» i = mole fraction of component i in the hydrocarbon-
rich liquid, the water-rich liquid, and the vapor,
respectively.
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The equilibrium relations between the compositions of each phase are
defined by the following expressions:

L
Ki:ﬁ:% (15-148)
X i
and
K, == ?I;i (15-149)
X Y

where K; = equilibrium ratio of component i between vapor and

hydrocarbon-rich liquid

Ky = equilibrium ratio of component i between the vapor and
water-rich liquid

®L = fugacity coefficient of component i in the hydrocarbon-
rich liquid

@Y = fugacity coefficient of component i in the vapor phase

®Y = fugacity coefficient of component i in the water-rich liquid

Combining Equations 15-145 through 15-149 gives the following con-
ventional nonlinear equations:

Z;

2x-2 n (1-K;) (Ki —K.]+K. =1 (15-150)
K ! !

i=1 i=1
wi

z,(K;/K;)

Z’Xm:z nL(l—Ki)+nW(I§i _K1J+Ki =1 (15-151)

i=1
wi

z. K.

1 1

Zyl )y n (1-K,)+n (II<< —Ki]+Ki =1 (15-152)

i=1 .
w1

Assuming that the equilibrium ratios between phases can be calculated,
the above equations are combined to solve for the two unknowns n; and
ny, and hence X;, Xy, and y;. It is the nature of the specific equilibrium
calculation that determines the appropriate combination of Equations
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15-150 through 15-152. The combination of the above three expressions
can then be used to determine the phase and volumetric properties of the
three-phase system.

There are essentially three types of phase behavior calculations for the
three-phase system:

1. Bubble-point prediction
2. Dew-point prediction
3. Flash calculation

Peng and Robinson (1980) proposed the following combination
schemes of Equations 15-150 through 15-152.
* For the bubble-point pressure determination:

in —wai =0 [Zyi]_lzo

Substituting Equations 15-150 through 15-152 in the above relation-
ships gives:

z;(1-K,/K,;)
. _ =0 15-153
(ne.ny) iz_nL(l—Ki)+nw(Ki/Kwi_Ki)+Ki_ ( )
and
i z. K. ]
_ i -1= 15-154
g(nL’n ) 2i‘_nL(l—I<j)+nw(1<i/l<wi_I<i)+I<iJ 0 ( 5 5 )

* For the dew-point pressure:

Su-Taeo [Snfreo

Combining with Equations 15-150 through 15-152 yields:

2K, (/K ~1) ]
. _ K wi =0 15-155
(ne.ny,) iz_nL(l—Ki)+nw(Ki/Kwi_Ki)+Ki_ ( )
and
7.
_ i —-1= 15-1
g(n.,n,) ZLHL(I_Ki)*—nw(Ki/KWi_Ki)+KiJ 0 (15-156)
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¢ For flash calculations:

ToZase [T

or

B zi(l—Ki) _
flne.n.)= Z[nL(l—Ki)+nw( K/K,, —Ki)+Ki:|_ 0 as-157)

i

and

z.K. /K.
_ i~ W1 —1.020 15‘158
g(ng.n,) Z[HL(l_Ki)+nw(Ki/Kwi—Ki)+Ki] ( )

1

Note that in performing any of the above property predictions, we always
have two unknown variables, n; and ny, and between them, two equa-
tions. Providing that the equilibrium ratios and the overall composition
are known, the equations can be solved simultaneously by using the
appropriate iterative technique, e.g., the Newton—Raphson method. The
application of this iterative technique for solving Equations 15-157 and
15-158 is summarized in the following steps:

Step 1. Assume initial values for the unknown variables n; and ny,.

Step 2. Calculate new values of ny and ny, by solving the following two
linear equations:

n, ™" [n.] [of/on, of /on, - f(n.,n,,)
n,| |n,| |9g/on_ dg/on,| |g(n.,n,)
where f(nr, ny) = value of the function f(ng, ny) as expressed
by Equation 15-157

g(ng, ny,) = value of the function g(n;, ny) as expressed
by Equation 15-158

The first derivative of the above functions with respect to n; and
ny, are given by the following expressions:
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)

K./K, -K,)+K]

—Z;

(aflanL)zz :

i=1 [nLl— ')+n

w

(1~
(
(o 13n,)= —z;(1— K‘E(K /K, —K,)

i=1 [nLl K;)+n,(K//K, )+Ki]2
(ag/anL) = _Zi( Ki/Kwi )(1_ KI)

i=1 [HL(I—Ki)+nW( K,/K,; _Ki)+Ki]2
(dg/an,,) = ~2,(KK,; ) Ki/K,; —K;)

S [0 (1-K)+0, (K /Ky, K )+ K]

Step 3. The new calculated values of n; and n,, are then compared with
the initial values. If no changes in the values are observed, then
the correct values of nj, and n,, have been obtained. Otherwise, the
above steps are repeated with the new calculated values used as
initial values.

Peng and Robinson (1980) proposed two modifications when using
their equation of state for three-phase equilibrium calculations. The first
modification concerns the use of the parameter . as expressed by Equa-
tion 15-111 for the water compound. Peng and Robinson suggested that
when the reduced temperature of this compound is less than 0.85, the fol-
lowing equation is applied:

o0 =[1.0085677+0.82154(1 - T )]2 (15-159)

where T is the reduced temperature (T/T¢)n,o of the water component.

The second modification concerns the application of Equation 15-81
for the water-rich liquid phase. A temperature-dependent binary interac-
tion coefficient was introduced into the equation to give:

(act), = XX Wj(a,aja,ocj) (1— rij)] (15-160)

where T;; is a temperature-dependent binary interaction coefficient. Peng
and Robinson proposed graphical correlations for determining this param-
eter for each aqueous binary pair. Lim et al. (1984) expressed these
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graphical correlations mathematically by the following generalized
equation:

2 2
tijzal[l] P +a2|:1:|& +a, (15-161)
Tci pcj Tci pcj

where T = system temperature, °R
T, = critical temperature of the component of interest, °R
P.i = critical pressure of the component of interest, psia
pcj = critical pressure of the water compound, psia

Values of the coefficients aj, a, and a3 of the above polynomial are given
below for selected binaries:

Component i a a as
C 0 1.659 -0.761
C, 0 2.109 —0.607
Cs —18.032 9.441 —1.208
n-Cy 0 2.800 -0.488
n—Cg 49.472 -5.783 -0.152

For selected nonhydrocarbon components, values of interaction parame-
ters are given by the following expressions:
* For N,-H,0 binary:
T, =0.402( T/T, )-1.586 (15-162)
where T;; = binary parameter between nitrogen and the water

compound
T, = critical temperature of nitrogen, °R

* For CO,-H,O0 binary:

2
T =— 0.074[%] + 0.478[%] ~0.503 (15-163)

ci ci

where Tg; is the critical temperature of CO,.

In the course of making phase equilibrium calculations, it is always
desirable to provide initial values for the equilibrium ratios so the iterative
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procedure can proceed as reliably and rapidly as possible. Peng and
Robinson (1980) adopted Wilson’s equilibrium ratio correlation to pro-
vide initial K values for the hydrocarbon-vapor phase.

K, = p./p exp[5.3727(1+0)i)(1—Tci/T )]

while for the water-vapor phase, Peng and Robinson proposed the fol-
lowing expression:

K= 106[ pciT/(Tcip)]

Vapor Pressure from Equation of State

The calculation of the vapor pressure of a pure component through an
EOS is usually made by the same trial-and-error algorithms used to cal-
culate vapor-liquid equilibria of mixtures. Soave (1972) suggests that the
van der Waals (vdW), Soave—Redlich—-Kwong (SRK), and the
Peng—Robinson (PR) equations of state can be written in the following
generalized form:

_ RT aol
v—b v’ =pvb+wb’

p (15-164)
with
22
o BT
P
RT,

P
where the values of u, w, €,, and Q  for three different equations of
state are given below:

b=0Q,

EOS u w Qq ()8

vdW 0 0 0.421875 0.125

SRK 1 0 0.42748 0.08664
PR 2 -1 0.45724 0.07780

Soave (1972) introduced the reduced pressure p, and reduced tempera-
ture T, to the above equations to give:
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A=—"P -0Q (15-165)

B=P_q P (15-166)

%: 2, (ﬁ) (15-167)

where:

P, =p/p.
T.=T/T,

In the cubic form and in terms of the Z factor, the above three equa-
tions of state can be written:

vdW: Z*-7*(1+B)+ZA-AB=0
SRK: Z'-Z’+Z(A-B-B’)-AB=0 (15-168)
PR: Z°-Z’(1-B)+Z(A-3B’-2B)-(AB-B’-B’)=0

and the pure component fugacity coefficient is given by:

VAW: In(f/p )= Z—l—ln(Z—B)—%

SRK: ln(f/P):Z_l_ln(Z—B)—(%)ln(l+§)

Z+(1++2)B
PR: ln(f/p)=Z—I—IH(Z_B)_(%%B)ln[zigliﬁ;B]

A typical iterative procedure for the calculation of pure component
vapor pressure at any temperature T through one of the above EOS is
summarized below:

Step 1. Calculate the reduced temperature, i.e., T, = T/T..

Step 2. Calculate the ratio A/B from Equation 15-167.
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Step 3. Assume a value for B.

Step 4. Solve Equation (15-168) and obtain Z and Z", i.e., smallest and
largest roots, for both phases.

Step 5. Substitute Z and Z" into the pure component fugacity coefficient
and obtain In(f/p) for both phases.

Step 6. Compare the two values of f/p. If the isofugacity condition is not
satisfied, assume a new value of B and repeat steps 3 through 6.

Step 7. From the final value of B, obtain the vapor pressure from Equa-
tion 15-166, or:

B:Qb(va/pc)

Solving for p, gives
— BT[‘PC
Py Q,

SPLITTING AND LUMPING SCHEMES
OF THE PLUS-FRACTION

The hydrocarbon plus fractions that comprise a significant portion of
naturally occurring hydrocarbon fluids create major problems when pre-
dicting the thermodynamic properties and the volumetric behavior of
these fluids by equations of state. These problems arise due to the diffi-
culty of properly characterizing the plus fractions (heavy ends) in terms
of their critical properties and acentric factors.

Whitson (1980) and Maddox and Erbar (1982, 1984), among others,
have shown the distinct effect of the heavy fractions characterization pro-
cedure on PVT relationship prediction by equations of state. Usually,
these undefined plus fractions, commonly known as the Cy, fractions,
contain an undefined number of components with a carbon number high-
er than 6. Molecular weight and specific gravity of the C, fraction may
be the only measured data available.

In the absence of detailed analytical data for the plus fraction in a
hydrocarbon mixture, erroneous predictions and conclusions can result if
the plus fraction is used directly as a single component in the mixture
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phase behavior calculations. Numerous authors have indicated that these
errors can be substantially reduced by “splitting” or “breaking down” the
plus fraction into a manageable number of fractions (pseudo-components)
for equation of state calculations.

The problem, then, is how to adequately split a C7, fraction into a
number of psuedo-components characterized by:

* Mole fractions
* Molecular weights
* Specific gravities

These characterization properties, when properly M7, combined, should
match the measured plus fraction properties, i.e., (M)7, and ().

Splitting Schemes

Splitting schemes refer to the procedures of dividing the heptanes-plus
fraction into hydrocarbon groups with a single carbon number (C;, Csg,
Coy, etc.) and are described by the same physical properties used for pure
components.

Several authors have proposed different schemes for extending the
molar distribution behavior of C74, i.e., the molecular weight and specific
gravity. In general, the proposed schemes are based on the observation
that lighter systems such as condensates usually exhibit exponential
molar distribution, while heavier systems often show left-skewed distri-
butions. This behavior is shown schematically in Figure 15-15.

Three important requirements should be satisfied when applying any
of the proposed splitting models:

1. The sum of the mole fractions of the individual pseudo-components is
equal to the mole fraction of Cr,.

2. The sum of the products of the mole fraction and the molecular
weight of the individual pseudo-components is equal to the product of
the mole fraction and molecular weight of C,.

3. The sum of the product of the mole fraction and molecular weight
divided by the specific gravity of each individual component is equal
to that of Co,.

The above requirements can be expressed mathematically by the follow-
ing relationship:
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Left-skewed distribution
(Heavy Hydrocarbon Systems)

Mole fraction ——»

/

Exponential
Distribution
(Condensate Systems)

Molecular weight ——>

Figure 15-15. Exponential and left-skewed distribution functions.

N+

Yz, =12, (15-169)
n=7

N+

Y [2M,]=2,,M,, (15-170)
n=7

iZnMn — Z7+M7+ (15_171)
n=7 Yn Y7+

where z7, = mole fraction of C7,
n = number of carbon atoms
N+ = last hydrocarbon group in Cy, with n carbon atoms, e.g.,
20+
z, = mole fraction of psuedo-component with n carbon
atoms
M3,, v7+ = measure of molecular weight and specific gravity of Cy,
M,, Y» = Molecular weight and specific gravity of the psuedo-
component with n carbon atoms

Several splitting schemes have been proposed recently. These schemes,
as discussed below, are used to predict the compositional distribution of
the heavy plus fraction.
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Katz’s Method

Katz (1983) presented an easy-to-use graphical correlation for break-
ing down into pseudo-components the C7,. fraction present in condensate
systems. The method was originated by studying the compositional
behavior of six condensate systems using detailed extended analysis. On
a semi-log scale, the mole percent of each constituent of the C;, fraction
versus the carbon number in the fraction was plotted. The resulting rela-
tionship can be conveniently expressed mathematically by the following
expression:

z, =1.38205z,,e 2" (15-172)

where z7, = mole fracture of C7, in the condensate system
n = number of carbon atoms of the psuedo-component
z, = mole fraction of the pseudo-component with number of
carbon atoms of n

Equation 15-172 is repeatedly applied until Equation 15-169 is satisfied.
The molecular weight and specific gravity of the last pseudo-component
can be calculated from Equations 15-170 and 15-171, respectively.

The computational procedure of Katz’s method is best explained
through the following example.

Example 15-17

A naturally occurring condensate gas system has the following compo-
sition:

Component zZ
C 0.9135
C 0.0403
Cs 0.0153
i-Cy 0.0039
n-Cy 0.0043
i-Cs 0.0015
n-Cs 0.0019
Cs 0.0039

Coy 0.0154
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The molecular weight and specific gravity of C7, are 141.25 and 0.797,
respectively.

a. Using Katz’s splitting scheme, extend the compositional distribution
of Cy, to the pseudo-fraction Cg,.
b. Calculate M, v, Ty, pc , Tc, and @ of Cyg;.

Solution

a. Applying Equation 15-172 with z7, = 0.0154 gives

n Experimental z, Equation 15-172 z,
7 0.00361 0.00347
8 0.00285 0.00268
9 0.00222 0.00207
10 0.00158 0.001596
11 0.00121 0.00123
12 0.00097 0.00095
13 0.00083 0.00073
14 0.00069 0.000566
15 0.00050 0.000437
16+ 0.00094 0.001671%*

15
“This value is obtained by applying Equations 15-169, i.e., 0.0154 — 2 z, =0.001671.
n=7

b.

Step 1. Calculate the molecular weight and specific gravity of Cj¢, by
solving Equations 15-170 and 15-171 for these properties:

1 15
M, =2;,M,, - |:(Z )z (Zn ’ Mn)]
16+ /n=7

and

Yiew = ( Zy6 Mg, _i(ZnMn)

Z7+M7+/'Y7+) =7\ Yn

where M,;, ¥, = molecular weight and specific gravity of the
hydrocarbon group with n carbon atoms. The calculations are
performed in the following tabulated form:
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M, Yn
n Zn (Table 1-1) z.M, (Table 1-1) z, - M/,
7 0.00347 96 0.33312 0.727 0.4582
8 0.00268 107 0.28676 0.749 0.3829
9 0.00207 121 0.25047 0.768 0.3261
10 0.001596 134 0.213864 0.782 0.27348
11 0.00123 147 0.18081 0.793 0.22801
12 0.00095 161 0.15295 0.804 0.19024
13 0.00073 175 0.12775 0.815 0.15675
14 0.000566 190 0.10754 0.826 0.13019
15 0.000437 206 0.09002 0.836 0.10768
16+ 0.001671 — — — —
1.743284 2.25355
(0.0154)(141.25)— 1.743284
M, = =258.5
0.001671
_ (0.001671)(258.5)

Step 2. Calculate the boiling points, critical pressure, and critical tem-
perature of Cj¢, by using the Riazi—Daubert correlation to

Step 3. Calculate the acentric factor of Cj¢, by applying the Edmister

Lohrenz’s Method

Lohrenz et al. (1964) proposed that the heptanes-plus fraction could be
divided into pseudo-components with carbon numbers ranging from 7 to
40. They mathematically stated that the mole fraction z, is related to its
number of carbon atoms n and the mole fraction of the hexane fraction zg

Yo+ =7(0.0154)(141.25)

give:

(0.797)

Ty =1,136°R
pec =215 psia
T.=1473°R

—2.25355=10.908

correlation to give ® = 0.684.

by the expression:

_ A
Z, =17

(n—6)>+B(n—6)

(15-173)
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The constants A and B are determined such that the constraints given by
Equations 15-169 through 15-171 are satisfied.

The use of Equation 15-173 assumes that the individual C7; compo-
nents are distributed through the hexane mole fraction and tail off to an
extremely small quantity of heavy hydrocarbons.

Example 15-18

Rework Example 15-17 by using the Lohrenz splitting scheme and
assuming that a partial molar distribution of C7, is available. The compo-
sition is given below:

Component z;

Cy 0.9135
C, 0.0403
C; 0.0153
i-Cy 0.0039
n—-Cy 0.0043
i-Cs 0.0015
n-Cs 0.0019
Ce 0.0039
Cy 0.00361
Cyg 0.00285
Cy 0.00222
Cio 0.00158
Ciis 0.00514

Solution

Step 1. Determine the coefficients A and B of Equation 15-173 by the
least-squares fit to the mole fractions Cg through Cj to give A =
0.03453 and B = 0.08777.

Step 2. Solve for the mole fraction of Cjy through C;s by applying Equa-
tion 15-173 and setting z¢ = 0.0039:
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Component Experimental z, Equation 15-173 z,
C; 0.00361 0.00361
Cs 0.00285 0.00285
Cy 0.00222 0.00222
Cio 0.00158 0.00158
Ch 0.00121 0.00106
Ciz 0.00097 0.00066
Cis 0.00083 0.00039
Cis 0.00069 0.00021
Cis 0.00050 0.00011

Cio+ 0.00094 0.00271%*

*Obtained by applying Equation 15-169.

Step 3. Calculate the molecular weight and specific gravity of Cj¢, by
applying Equations 15-170 and 15-171 to give (M)¢. = 233.3
and (Y)16+ = 0.943.

Step 4. Solve for Ty, p., Tc, and ® by applying the Riazi-Daubert and
Edmister correlations, to give:

Ty, =1,103°R
pc =251 psia
T.=1,467°R
o = 0.600
Pedersen’s Method

Pedersen et al. (1982) proposed that, for naturally occurring hydrocar-
bon mixtures, an exponential relationship exists between the mole frac-
tion of a component and the corresponding carbon number. They
expressed this relationship mathematically in the following form:

z, =e"A)B (15-174)
where A and B are constants.

For condensates and volatile oils, Pedersen and coworkers suggested
that A and B can be determined by a least-squares fit to the molar distribu-
tion of the lighter fractions. Equation 15-174 can then be used to calculate
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the molar content of each of the heavier fractions by extrapolation. The
classical constraints as given by Equations 15-169 through 15-171 are also
imposed.

Example 15-19
Rework Example 15-18 using the Pedersen splitting correlation.

Solution

Step 1. Calculate coefficients A and B by the least-squares fit to the
molar distribution of Cg through C to give A = —14.404639 and

B =-3.8125739.
Step 2. Solve for the mole fraction of Cj, through C;s by applying Equa-

tion 15-176.

Component Experimental z, Calculated z,
C; 0.000361 0.00361
Cg 0.00285 0.00285
Co 0.00222 0.00222
Cio 0.00158 0.00166
Cy 0.00121 0.00128
Cp2 0.00097 0.00098
Cis 0.00083 0.00076
Cis 0.00069 0.00058
Cis 0.00050 0.00045
Cie+ 0.00094 0.00101*

*From Equation 15-169.
Ahmed’s Method

Ahmed et al. (1985) devised a simplified method for splitting the C7,
fraction into pseudo-components. The method originated from studying
the molar behavior of 34 condensate and crude oil systems through
detailed laboratory compositional analysis of the heavy fractions. The
only required data for the proposed method are the molecular weight and
the total mole fraction of the heptanes-plus fraction.

The splitting scheme is based on calculating the mole fraction z, at a
progressively higher number of carbon atoms. The extraction process
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continues until the sum of the mole fraction of the pseudo-components
equals the total mole fraction of the heptanes-plus (z7.).

M, ...-M
z, =z, |— (15-175)
M M

(n+1)+ ~ 'n

where z, = mole fraction of the pseudo-component with a number of
carbon atoms of n (z7, zg, z9, etc.)
M, = molecular weight of the hydrocarbon group with n carbon
atoms as given in Table 1-1 in Chapter 1
M,; = molecular weight of the n+ fraction as calculated by the
following expression:

M, ... =M,, +S(n—6) (15-176)

(n+1)+

where n is the number of carbon atoms and S is the coefficient of
Equation 15-178 with these values:

Number of Carbon Atoms Condensate Systems Crude Oil Systems
n<g8 15.5 16.5
n>8 17.0 20.1

The stepwise calculation sequences of the proposed correlation are
summarized in the following steps:

Step 1. According to the type of hydrocarbon system under investigation
(condensate or crude oil), select appropriate values for the coeffi-
cients.

Step 2. Knowing the molecular weight of Cy, fraction (M7,), calculate
the molecular weight of the octanes-plus fraction (Mg,) by apply-
ing Equation 15-176.

Step 3. Calculate the mole fraction of the heptane fraction (z7) using
Equation 15-175.

Step 4. Apply steps 2 and 3 repeatedly for each component in the system
(Cg, Co, etc.) until the sum of the calculated mole fractions is
equal to the mole fraction of C7,. of the system.
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The splitting scheme is best explained through the following example.

Example 15-20

Rework Example 15-19 using Ahmed’s splitting method.

Solution

Step 1. Calculate the molecular weight of Cg,. by applying Equation 15-176:

M,, =141.25+15.5(7-6)=156.75

Step 2. Solve for the mole fraction of heptane (z7) by applying Equation
15-175:
M, -M 156.75-141.2
z,=2,,| = 0.0154[M] =0.00393
M, - M, 156.75-96
Step 3. Calculate the molecular weight of Co, from Equation 15-178:
M,, =141.25+15.5(8—-6)=172.25
Step 4. Determine the mole fraction of Cg from Equation 15-177:
Zg = Z8+[(M9+ - M8+)/(M9+ - Ms)]
zg =(0.0154 —0.00393)[ (172.5-156.75)/(172.5-107) |
=0.00276
Step 5. This extracting method is repeated as outlined in the above steps
to give:
Mn+ Mn Z,
Component n Equation 15-176  (Table 1-1) Equation 15-175
C; 7 141.25 96 0.000393
Cs 8 156.25 107 0.00276
Cy 9 175.25 121 0.00200
Cio 10 192.25 134 0.00144
Ci 11 209.25 147 0.00106
Ciz 12 226.25 161 0.0008
Ci3 13 243.25 175 0.00061
Cig 14 260.25 190 0.00048
Cis 15 277.25 206 0.00038
Cie+ 16+ 294.25 222 0.00159*

*Calculated from Equation 15-169.
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Step 6. The boiling point, critical properties, and the acentric factor of
Cje+ are then determined by using the appropriate methods, to

M =222
v=0.856

Ty, =1174.6°R

pe = 175.9 psia

T.=1449.3°R
o =0.742

Lumping Schemes

The large number of components necessary to describe the hydrocar-
bon mixture for accurate phase behavior modeling frequently burdens
EOS calculations. Often, the problem is either lumping together the
many experimentally determined fractions, or modeling the hydrocarbon
system when the only experimental data available for the C;, fraction are
the molecular weight and specific gravity.

Generally, with a sufficiently large number of pseudo-components
used in characterizing the heavy fraction of a hydrocarbon mixture, a sat-
isfactory prediction of the PVT behavior by the equation of state can be
obtained. However, in compositional models, the cost and computing
time can increase significantly with the increased number of components
in the system. Therefore, strict limitations are placed on the maximum
number of components that can be used in compositional models and the
original components have to be lumped into a smaller number of pseudo-
components.

The term lumping or pseudoization then denotes the reduction in the
number of components used in EOS calculations for reservoir fluids.
This reduction is accomplished by employing the concept of the pseudo-
component. The pseudo-component denotes a group of pure components
lumped together and represented by a single component.

Several problems are associated with “regrouping” the original com-
ponents into a smaller number without losing the predicting power of the
equation of state. These problems include:

* How to select the groups of pure components to be represented by one
pseudo-component each

* What mixing rules should be used for determining the EOS constants
(pe» Tc, and m) for the new lumped pseudo-components
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Several unique techniques have been published that can be used to
address the above lumping problems; notably the methods proposed by:

* Leeetal. (1979)

Whitson (1980)

Mehra et al. (1983)

Montel and Gouel (1984)

Schlijper (1984)

e Behrens and Sandler (1986)

¢ Gonzalez, Colonomos, and Rusinek (1986)

Several of these techniques are presented in the following discussion.
Whitson’s Lumping Scheme

Whitson (1980) proposed a regrouping scheme whereby the composi-
tional distribution of the C7, fraction is reduced to only a few multiple-
carbon-number (MCN) groups. Whitson suggested that the number of
MCN groups necessary to describe the plus fraction is given by the fol-
lowing empirical rule:

N, = Int[1+3.3log(N -n)] (15-177)

where N, = number of MCN groups
Int = integer
N = number of carbon atoms of the last component in the
hydrocarbon system
n = number of carbon atoms of the first component in the plus
fraction, i.e., n = 7 for Cr,.

The integer function requires that the real expression evaluated inside the
brackets be rounded to the nearest integer. Whitson pointed out that for
black-oil systems, one could reduce the calculated value of N,.

The molecular weights separating each MCN group are calculated
from the following expression:

I/N
M g
M, = MC{MN*) (15-178)

Cc7

where (M)n; = molecular weight of the last reported component in
the extended analysis of the hydrocarbon system
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M¢c7 = molecular weight of C;
I=1,2,...,N,

Components with molecular weight falling within the boundaries of My_;
to M are included in the I'th MCN group. Example 15-21 illustrates the
use of Equations 15-177 and 15-178.

Example 15-21

Given the following compositional analysis of the Cy, fraction in a con-
densate system, determine the appropriate number of pseudo-components
forming in the C,.

Component z;
Cy 0.00347
Cg 0.00268
Cy 0.00207
Cio 0.001596
Cn 0.00123
Cip 0.00095
Ciz 0.00073
Cis 0.000566
Cis 0.000437
Cier 0.001671
Ms, = 259.

Solution

Step 1. Determine the molecular weight of each component in the system:

Component z; M;
C; 0.00347 96
Cs 0.00268 107
Co 0.00207 121
Cio 0.001596 134
Cn 0.00123 147
Cn 0.00095 161
Cis 0.00073 175
Cus 0.000566 190
Cis 0.000437 206

Cier 0.001671 259
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Step 2. Calculate the number of pseudo-components from Equation
15-178:
N, =Int[1+3.3log(16—7)]
N, =Int[4.15]
N, =4

Step 3. Determine the molecular weights separating the hydrocarbon
groups by applying Equation 15-179:

1/4
M, = 96[§]
96

M, = 96[2.698]"*

1 (M),
1 123
2 158
3 202
4 259

* First pseudo-component: The first pseudo-component includes all
components with molecular weight in the range of 96 to 123. This
group then includes C;, Cg, and Co.

* Second pseudo-component: The second pseudo-component contains
all components with a molecular weight higher than 123 to a molecular
weight of 158. This group includes Co and Cy;.

* Third pseudo-component: The third pseudo-component includes
components with a molecular weight higher than 158 to a molecular
weight of 202. Therefore, this group includes Cy, Cy3, and Cy4.

* Fourth pseudo-component: This pseudo-component includes all the
remaining components, i.e., Cis and Cig;.
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Group | Component z; Z

Cy 0.00347

1 Cg 0.00268 0.00822
Cy 0.00207
Cio 0.001596

2 Ciy 0.00123 0.002826
Ci 0.00095

3 Ci3 0.00073 0.002246
Cus 0.000566
Cis 0.000437

4 Cron 0.001671 0.002108

It is convenient at this stage to present the mixing rules that can be
employed to characterize the pseudo-component in terms of its pseudo-
physical and pseudo-critical properties. Because there are numerous
ways to mix the properties of the individual components, all giving dif-
ferent properties for the pseudo-components, the choice of a correct mix-
ing rule is as important as the lumping scheme. Some of these mixing

rules are given next.

Hong’s Mixing Rules

Hong (1982) concluded that the weight fraction average wi; is the best
mixing parameter in characterizing the C;, fractions by the following

mixing rules:
L

* Pseudo-critical pressure p,, = X‘WipCi

L
* Pseudo-critical temperature T, = zWiTci

L
* Pseudo-critical volume V = Zinci
L

* Pseudo-acentric factor ®; = Zwimi

L
* Pseudo-molecular weight M; = ZWiMi

* Binary interaction coefficient K;; =1~ 2

L

i

L
Win(l—kij)
j
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where: w; = average weight fraction
Ky = binary interaction coefficient between the k’th
component and the lumped fraction

The subscript L in the above relationship denotes the lumped fraction.
Lee’s Mixing Rules

Lee et al. (1979), in their proposed regrouping model, employed Kay’s
mixing rules as the characterizing approach for determining the proper-
ties of the lumped fractions. Defining the normalized mole fraction of the
component i in the lumped fraction as:

L
o, = Zilzzi

the following rules are proposed:

M, = iQMi (15-179)
Vo= MleL‘,[d)iMi 1] (15-180)
vV, = i[q)iMin /M, | (15-181)
Pu. = i[d)ipci] (15-182)
T, = i[%%] (15-183)

L

o, =Y [6,0] (15-184)
Example 15-22

Using Lee’s mixing rules, determine the physical and critical proper-
ties of the four pseudo-components in Example 15-21.
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Solution

Step 1. Assign the appropriate physical and critical properties to each

component:
Group Comp. zZ Z M; Yi Vi Pdi Tai ;i

Cy 0.00347 96" 0.272" 0.06289" 453" 985" 0.280"
1 Cg 0.00268  0.00822 107 0.748 0.06264 419 1036 0.312
Cy 0.00207 121 0.768 0.06258 383 1058 0.348
2 Cip 0.001596 0.002826 134 0.782 0.06273 351 1128 0.385
Ci 0.00123 147 0.793  0.06291 325 1166 0.419
Ciz  0.00095 161 0.804 0.06306 302 1203 0.454
3 Ciz 0.00073 0.002246 175 0.815 0.06311 286 1236 0.484
Cis  0.000566 190 0.826 0.06316 270 1270 0.516
4 Cis  0.000437 0.002108 206 0.826 0.06325 255 1304 0.550
Cie+ 0.001671 259 0.908 0.06387 2157 1467 0.68"

“From Table 1-1.
*Calculated.

Step 2. Calculate the physical and critical properties of each group by
applying Equations 15-179 through 15-184 to give:

Group Z M, " Va PeL Ta oL
1 0.00822 105.9 0.746 0.0627 424 1020 0.3076
2 0.002826 139.7 0.787 0.0628 339.7 1144.5 0.4000
3 0.002246 172.9 0.814 0.0631 288 1230.6 0.4794
4 0.002108 248 0.892 0.0637 223.3 1433 0.6531
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PROBLEMS

1. A hydrocarbon system has the following composition:

Component zZ
C, 0.30
C, 0.10
Cs 0.05
i—-Cy 0.03
n—Cy 0.03
i—Cs 0.02
n-Cs 0.02
Ce 0.05
Cry 0.40

Given the following additional data:

System pressure = 2,100 psia
System temperature = 150°F
Specific gravity of C7, = 0.80
Molecular weight of C7,. = 140

Calculate the equilibrium ratios of the above system.

2. A well is producing oil and gas with the compositions given below at
a gas—oil ratio of 500 scf/STB:

Component Xi Yi
(O] 0.35 0.60
C, 0.08 0.10
C; 0.07 0.10
n—-Cy 0.06 0.07
n-Cs 0.05 0.05
Ce 0.05 0.05
(& 0.34 0.05

Given the following additional data:

Current reservoir pressure = 3000 psia
Bubble-point pressure = 2800 psia
Reservoir temperature 120°F

M of Cy, 125
Specific gravity of C7, = 0.823
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Calculate the composition of the reservoir fluid.

3. A

saturated hydrocarbon mixture with the composition given below

exists in a reservoir at 234°F:

Component zZ
C 0.3805
G 0.0933
Cs 0.0885
Cy 0.0600
Cs 0.0378
Cs 0.0356
Cr 0.3043
Calculate:
a. The bubble-point pressure of the mixture.
b. The compositions of the two phases if the mixture is flashed at 500
psia and 150°F.
c. The density of the liquid phase.
d. The compositions of the two phases if the liquid from the first sep-
arator is further flashed at 14.7 psia and 60°F.
e. The oil formation volume factor at the bubble-point pressure.
f. The original gas solubility.
g. The oil viscosity at the bubble-point pressure.
4. A crude oil exists in a reservoir at its bubble-point pressure of 2520

psig and a temperature of 180°F. The oil has the following composi-
tion:

Component Xi

CO, 0.0044
N, 0.0045
C 0.3505
) 0.0464
G 0.0246
i-Cy 0.0683
n—-Cy 0.0083
i-Cs 0.0080
n-Cs 0.0080
Cs 0.0546

Cos 0.4824
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The molecular weight and specific gravity of C7, are 225 and 0.8364.
The reservoir contains initially 12 MMbbl of oil. The surface facilities
consist of two separation stages connecting in series. The first separa-
tion stage operates at 500 psig and 100°F. The second stage operates
under standard conditions.

a. Characterize Cy, in terms of its critical properties, boiling point,
and acentric factor.

b. Calculate the initial oil in place in STB.

Calculate the standard cubic feet of gas initially in solution.

d. Calculate the composition of the free gas and the composition of
the remaining oil at 2495 psig, assuming the overall composition
of the system will remain constant.

o

. A pure n-butane exists in the two-phase region at 120°F. Calculate the
density of the coexisting phase by using the following equations of state:

. Van der Waals

. Redlich—-Kwong

. Soave—Redlich—-Kwong
. Peng—Robinson

o0 o e

. A crude oil system with the following composition exists at its bubble-
point pressure of 3,250 psia and 155°F:

Component X
C 0.42
C, 0.08
C; 0.06
Cy 0.02
Cs 0.01
Ce 0.04
Cqy 0.37

If the molecular weight and specific gravity of the heptanes-plus frac-
tion are 225 and 0.823, respectively, calculate the density of the crude
oil by using:

a. Van der Waals EOS
b. Redlich—-Kwong EOS
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c. SRR EOS
d. PR EOS

7. Calculate the vapor pressure of propane at 100°F by using:
a. Van der Waals EOS
b. SRK EOS
c. PR EOS

Compare the results with that obtained from the Cox chart.

8. A natural gas exists at 2000 psi and 150°F. The gas has the following

composition:
Component Yi
C 0.80
G 0.10
Cs 0.07
i—-Cy 0.02
n-Cy 0.01

Calculate the density of the gas using the following equations of
state:

a. VdW
b. RK
c. SRK
d. PR

9. The heptanes-plus fraction in a condensate gas system is characterized by
a molecular weight and specific gravity of 190 and 0.8, respectively. The
mole fraction of the C, is 0.12. Extend the molar distribution of the plus
fraction to Cyg, by using:

a. Katz’s method
b. Ahmed’s method

Determine the critical properties of Cygs.
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10. A naturally occurring crude oil system has a heptanes-plus fraction

with the following properties:

M;,=213
Y7+= 0.8405
x7,=0.3497

Extend the molar distribution of the plus fraction to C,s, and deter-
mine the critical properties and acentric factor of the last component.

11. A crude oil system has the following composition:
Component X
G 0.3100
G 0.1042
Cs 0.1187
Cy 0.0732
Cs 0.0441
Cs 0.0255
Cry 0.3243

1.

2.

The molecular weight and specific gravity of C;, are 215 and 0.84,
respectively.

a. Extend the molar distribution of C7, to Cy,.

b. Calculate the appropriate number of pseudo-components neces-
sary to adequately represent the composition from Cy to Cpo, and
characterize the resulting pseudo-components in terms of:

* Molecular weight
» Specific gravity
e Critical properties
* Acentric factor
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